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Abstract 
Abstract 
Interfacial failure in adhesive joints has been studied. It has been shown by previous 
researchers that adhesive joints often contain hi-material geometric features that give rise to 
theoretically singular stress/strain fields even when there are no flaws present. It is 
reasonable to expect that failure occurs at, or close to, these points. To investigate failure 
under these conditions and to relate it to well understood failure mechanisms, tests were 
undertaken on uncrackedjoints (containing a hi-material singularity) and joint geometries 
with interfacial cracks of varying lengths. To provide comparative data under different 
conditions the joint tests were carried out under both mode I and mixed mode loading. The 
bulk properties of the adhesive used for the joint tests were also assessed. The rate 
dependent stress-strain behaviour was determined from a range of flat tensile tests. Similar 
tests were used to determine Poisson's ratio and to investigate the sensitivity of the 
adhesive to temperature variations. Four point bend tests on the adhesive were also carried 
out. A new method of processing the data obtained during such a test was developed and 
this was used to determine the ratio of the yield stress in compression to the yield stress in 
tension as a function of hardening. 
The results of these experimental programmes were then used as the basis for a series of 
finite element analyses. Firstly three-dimensional elastic analyses of the joint used in the 
experimental programme were carried out. As well as ｰｲｯｶｩ｣ｾｩｮｧ＠ information on the stresses 
in the adhesive, these analyses showed that there was considerable variation across the 
width of the joint in the effective two-dimensional loading. A method of determining the 
correct loading was therefore developed and used for subsequent two-dimensional 
analyses. Three types of detailed two-dimensional analyses were carried out: elastic, elasto-
plastic and a group of stress controlled separation analyses in which the material in front of 
the point of failure was allowed to separate under controlled conditions, thus simulating 
rupture. The results from these detailed two-dimensional analyses were used to assess the 
stresses in the joints at the failure loads and to determine the applicability of various failure 
criteria. Although no failure criterion was found to be universally applicable the results 
have indicated, clearly, possible directions for future development. 
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Chapter 1:- Introduction 
1 e Introduction 
Adhesives have been used as a method of joining materials for many centuries. However 
their use in recent years has increased dramatically. The main reason for this increase in use 
is the availability of synthetic formulations suitable for technologically demanding 
applications. While adhesive bonding today offers a number of advantages to the designer 
over other joining techniques, there are some drawbacks. Some of the advantages and 
disadvantages of using adhesive bonding are listed below. 
Advantages of adhesive bonding 
The ability to join different materials. 
Plastics, composites, rubber, wood, glass, ceramics and metals can all be joined to 
each other using adhesives. 
The ability to join thin sheet-material efficiently. 
With adhesive bonding of thin sheets there is an even stress distribution across the 
bonded area, avoiding the stress concentrations associated with alternative joining 
methods (such as spot welding, riveting and screw fasteners) and the lack of heat 
distortion associated with welding. An example of bonded thin sheet construction is 
the Jaguar XJ220 sports car which uses thin aluminium sheet joined adhesively to 
form a rigid, light weight, monocoque. 
Ease of fabrication 
Adhesive bonding is easily automated and often provides the most convenient and 
cost effective joining solution. This is particularly true when assembly consists of 
locating and holding in place a large number of small components. A good example 
of this is the assembly of computer disk drives where tiny bearings are bonded to 
the main casting using a fast curing cyanoacrylate adhesive. 
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The ability to fill gaps, allowing lower component tolerances. 
Using adhesives, assemblies requiring precision alignment can be made from low 
tolerance components. As long as the components are aligned correctly during 
fabrication the adhesive will fill the gaps and fix the components in the required 
position as it cures. 
Minimal post-fabrication finishing of components. 
Unlike other joining processes (e.g. welding) adhesive bonding does not in any 
way mark the components being joined. Hence finishing operations are rarely 
necessary. This can reduce the total cost of manufacture considerably. 
Disadvantages of adhesive bonding 
Low allowable service temperature of bonded components. 
The service temperatures to which bonded structures may be subjected are not as 
high as those which can be sustained by many other joining techniques such as 
welding, riveting, screw fasteners, etc. 
The necessity for surface pre-treatments 
Complicated surface pre-treatments are often required to ensure a sufficiently a long 
service life in hostile environments. Many plastics also require surface pre-
treatments if a reasonable initial joint strength is to be obtained. 
Low intrinsic strength of adhesives compared to many structural 
materials. 
The strength and toughness of adhesives may be considerably lower than the 
materials they join. This is particularly true for metals and high strength composites 
and ceramics. It is therefore important to give careful consideration to the design of 
adhesive joints. 
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A number of industries have found that adhesive bonding offers an effective solution for a 
number of their design problems. For electronics companies, adhesives provide a quick 
method of precision assembly suitable to highly automated production. The aerospace and 
motor racing industries use adhesives because of their abilities to join different materials 
and because of the high structural stiffness-to-weight ratio that can be obtained from using 
bonded thin sheet-material. The current generation of formula one racing cars make 
considerable use of adhesive bonding. The bottom half of the monocoque and the 
bulkheads are constructed using a thin walled aluminium honeycomb core faced with 
bonded sheets of aluminium. The majority of the rest of the structure is made of carbon 
fibre composite. The various components are assembled using adhesive bonding and 
rivetting. Modem aircraft are another group of structures which makes effective use of 
adhesives. The skin of the wings of the British Aerospace 146 passenger aircraft, for 
example, are made from aluminium alloy sheet stiffened by adhesively bonded stringers. 
A considerable amount of research has been prompted by the increase in the use of 
adhesives. The physical and chemical mechanisms of adhesion have been investigated 
extensively. It has been demonstrated that adhesive strength is related to four types of 
mechanisms: mechanical interlocking, diffusion theory, electronic theory and adsorption 
theory (Kinloch 1987). Although adsorption theory may have the widest applicability, the 
other mechanisms may be appropriate in certain circumstances and often make a 
contribution to the strength of the substrate-adhesive bond: Numerous types of adhesives 
have been developed including hot-melts, polyurethanes, phenolics, epoxies, acrylics and 
pressure sensitive adhesives (Kinloch 1987). The bulk properties of these adhesives have 
been characterised. As well as obtaining basic material properties such as the elastic 
modulus and Poisson's ratio more detailed characterisation has been undertaken. The 
properties investigated have included uniaxial tensile, compressive and shear stress-strain 
behaviour as a function of both strain rate and temperature, yield behaviour under 
multiaxialloading and visco-elasto-pl.astic behaviour, generally in the form of creep and 
relaxation data. A multiplicity of joint tests have been performed on various joint 
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configurations (including forms of lap joints, peel joints, butt joints and compact tension 
specimens). These tests have investigated joint strength under various forms of loading 
including quasi-static, fatigue and impact and assessed the effects of different adhesive 
formulations and surface pre-treatments on joint durability. Analysis techniques have been 
developed which are capable of determining the stresses and strains in adhesive joints with 
great accuracy. The most commonly used techniques fall into two categories, (semi)-closed 
form analysis and finite element analysis. The most sophisticated of these analyses include 
the effects of non-linear material behaviour and small scale geometry such as the degree of 
rounding on the substrates and the form of the adhesive fillet. A number of texts are 
available addressing adhesive science in general; two particularly good references are 
Adams and Wake (1984) and Kinloch (1987). 
Despite the substantial research effort that has been carried out in the field of adhesive 
science there are still a number of areas where lack of information and understanding are 
limiting the growth of the industrial application of adhesives. An issue of primary 
importance is the criterion governing failure in adhesive joints. This topic is extensive and 
can be divided into smaller areas including failure under impact loading, creep failure, 
fatigue failure and quasi-static failure. Within each of these areas there are a large number 
of joint configurations that need to be considered. The situation is complicated further by 
the hi-material nature of adhesive joints which often contain features that give rise to a 
theoretically singular stress/strain field (Groth 1988a). Although these theoretical 
singularities will not generally exist in practice, high stress/strain concentrations will occur 
at these hi-material features and it is likely that failure will initiate at these points. Thus 
failure will generally start at, or close to, the adhesive-substrate interface. 
In this thesis, investigation has focused on failure at the interface of quasi-statically loaded 
joints. It was felt that this was a good starting point for the development of failure criteria 
suitable for the majority of adhesive joint configurations. It was recognised that failure 
around points of hi-material singularity has some similarities to failure at a crack on an 
interface. In fact interfacial cracks are a special case of hi-material singularity. It was 
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decided therefore to investigate failure at hi-material singularities by comparison to failure at 
interfacial cracks. 
The objectives of the work presented in this thesis were: 
• To assess the current knowledge available on this subject. 
• To obtain experimental data on a range of joint configurations, containing hi-
material singularities or interface cracks, suitable for subsequent analysis. 
• To obtain high quality data for the bulk behaviour of the adhesive(s) used for the 
joint test programme. 
• To characterise the conditions around a point of singularity on the 
adhesive-substrate interface at the point of failure. 
• To assess the suitability of various failure criteria for application to joints 
containing a point of hi-material singularity. 
The following seven chapters present and discuss the work carried out to meet these 
objectives. A review of the published work in the field of adhesion science that was 
considered of most relevance to this investigation is presented in Chapter 2. Chapters 3 and 
4 discuss the bulk adhesive and joint test programs respectively. Together these test 
programmes form the basis for the finite element analyses undertaken for this thesis. The 
analyses have been divided into two groups, the linear elastic analyses which are reviewed 
in Chapter 5 and the non-linear analyses (elasto-plastic and stress controlled separation) 
which are presented in Chapter 6. In Chapter 7 the applicability of various failure criteria 
for joint geometries containing a point of singularity is assessed. The final chapter reviews 
and discusses the new techniques and results presented in this thesis as well as suggesting 
possible areas for future development . 
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2. Literature review 
2.1. Introduction 
As the use of adhesives has increased considerably in recent years, the whole field of 
adhesion science has grown tremendously. Thus the published literature related to adhesion 
science is vast and covers many areas including surface chemistry, stress analysis, damage 
mechanisms, durability, fatigue, and failure criteria. It is therefore neither possible nor 
appropriate to produce a general review of adhesion science for the purposes of this thesis. 
A number of books have been written on the subject including "Structural adhesive joints in 
engineering" by Adams and Wake (1984) and "Adhesion and adhesives" by IGnloch 
(1987) and the reader is directed to these texts for a broader overview of the subject area. 
The following sections focus on the aspects of adhesion science most relevant to the work 
of this thesis. These sections cover the mechanical behaviour of epoxies, stress analysis of 
adhesive joints, stresses at singularities and cracks in adhesive joints and quasi-static failure 
criteria. Most of the work reviewed is specific to adhesive joints; however, a significant 
amount of relevant work that is more general in nature is included also. 
2.2. Mechanical behaviour of epoxies 
2.2.1. Introduction 
Epoxies form the most common group of structural adhesives. They consist essentially of 
an epoxy resin and a hardener which are combined to produce a thermosetting polymer by 
step-growth polymerisation (IGnloch 1987). The formulation of the components and thus 
the adhesive molecular structure can be varied considerably. In addition to the variations in 
the base epoxy, filler and rubber may be included to increase the stiffness and toughness of 
the adhesive respectively. Hence the properties of epoxy adhesives vary considerably. To 
undertake stress analysis of adhesive joints, which is necessary for subsequent failure 
predictions, accurate models of both the adhesive and substrate material behaviours are 
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required. Much work has been carried out on the characterisation of material behaviour. It 
./ 
is generally considered that materials behave in a linear-elastic manner until certain stress 
conditions occur. At this point the material yields and plastic flow occurs. The situation is 
complicated for epoxies by their sensitivity to test rate, temperature and the level of 
hydrostatic stress. The following two sections discuss appropriate yield criteria for epoxies 
and the temperature and rate dependency of the yield behaviour of epoxies. 
2.2.2. Yield criteria for epoxies 
It is generally postulated that departure from linear-elastic behaviour occurs when the 
stresses satisfy a general yield condition which is a prescribed function of the stress 
components. Subsequent deformation is considered to be governed by a plastic flow 
criterion. The yield condition can be visualised as a surface in stress space. Plastic flow 
occurs when the stress state lies outside this surface. Ward (1971) reviewed the subject of 
yielding in polymers. It was noted that yield in polymers cannot be characterised accurately 
by one of the simple yield criteria such as Rankine, Tresca or Von Mises that are used for 
metals, as these neglect the effect of hydrostatic stress and hence predict identical yield 
stresses in compression and tension. The importance of the hydrostatic stress on the post 
yield behaviour of epoxies was demonstrated by the work of Gali et al ( 1981 ). Yield 
criteria that take into account the hydrostatic stress have been developed. A well established 
criterion of this type was developed by Coulomb in 1773 (ref. Olszak 1963) and has been 
used extensively for soil mechanics problems. Other yield criteria of this type include those 
presented by Raghava et al (1973) and Stassi-D'Alia (1967). The work by Raghava et al 
(1973) is of particular interest as it was developed specifically for polymers and has been 
used extensively for adhesive joint stress analysis (Crocombe et al1982, Harris and Adams 
1984, Adams and Harris 1987, Bigwood 1990, Zhao 1991). The yield condition suggested 
by Raghava et al is expressed below in terms of the principal stresses as 
where 
are the principal stresses 
<Jyield t,c are the yield stresses in simple tension and simple compression respectively 
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The general form of this yield criterion is 'tact + Acrm = 'tyield (Raghava et al 1973), where 
'tact is the octahedral shear stress, O"m is the hydrostatic or mean stress, A is a constant and 
'tyield is the yield stress of the material in shear. From this definition ｩｦｾ＠ dear that this yield 
criterion is just a simple extension of the Von Mises yield criterion which has a general 
form 'tact = 'tyield· 
2.2.3. Temperature and rate dependence of epoxies 
The yield criterion of Raghava et al ( 1973) assumes that yielding is a function of stress 
only. However it can be seen by examining some of the bulk epoxy data obtained as part of 
various research programs that epoxies are sensitive also to rate, Chakley et al (to be 
published), and temperature, Lees et al (1992), Soetens (1990), Kinloch and Young (1983) 
and Gali et al (1981). This temperature sensitivity is related to the glass transition of the 
adhesive. As discussed in Adams and Wake (1984) all polymers exhibit a glass transition 
temperature which is marked by a region of changing material properties. Small 
temperature variations are thus very important if the adhesive is close to its glass transition 
temperature. Both rate and temperature effects in polymer flow can be modelled if it is 
considered a viscous flow process. Eyring's theory ( 1936) relates the yield stress to the 
temperature and strain rate according to the following relationship 
= A 
(Ujj.- O"yieidV) 
exp- kT p 
.. 2.2 
where 
e is the strain rate 
A is a constant 
O"yield is the yield stress 
U jj., v are the activation energy and volume for the flow process respectively 
k, T p are the Boltzmann constant and the absolute temperature 
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This relationship implies that the quantity (acryieiiTp l is independent of temperature 
dine Jr 
which is not generally true. An alternative theory proposed by Robertson ( 1966) has strong 
structural grounding and greater applicability. It considers temperature and stress in terms 
of their effect on molecular orientation. As discussed in Ward ( 1971) both Eyring and 
Robertson relationships have been extended to include the effect of the hydrostatic 
component of stress. It may be possible therefore to use these relationships to determine 
equivalent yield stresses, corrected for rate temperature and hydrostatic effects, for use with 
simple yield criteria, such as a Von Mises yield criterion. However no references have been 
found applying these relationships to adhesive systems. It should be noted also that the 
temperature sensitivity affects the linear behaviour as well as the post yield behaviour. 
2.3. Stress analysis of adhesive joints 
2.3.1. Introduction 
Stress analysis of adhesive joints is usually undertaken with the eventual aim of assessing 
joint strength using some form of failure criterion. A number of analysis techniques exist. 
This section has been divided into three areas covering closed and semi-closed form 
analyses, two-dimensional finite element analyses and three-dimensional finite element 
analyses. The aim is to present a brief overview of these types of analysis techniques, the 
extent to which they have been used and to review some of the results of particular interest. 
A number of good background references are available on the stress analysis of adhesive 
joints, e.g. Adams (1981), Adams and Wake (1984) and Kinloch (1987), the reader is 
directed to these for a wider review of this subject area. For a more detailed coverage of the 
finite element method Zienkiewicz and Taylor (1989a,1989b) and Owen and Hinton (1980) 
are recommended. 
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2.3.2. Closed and semi-closed form analyses 
The analysis of the stresses and strains in adhesive joints started with Volkersen's shear lag 
analysis (1938). In this analysis Volkersen considered the problem of a riveted joint 
between two metal plates in tension. The rivets were considered as an ideal elastic interlayer 
which was subjected to shear loading resulting from the differential strain in the plates. Six 
years later Go land and Reissner ( 1944) developed a more realistic analysis for adhesive 
joints including the effects of joint bending which give rise to adhesive peel1 stresses. Since 
then many researchers including Hart-Smith (1973), Renton and Vinson (1975) and 
Crocombe et al (1990) have developed closed form or semi-closed form (using numerical 
techniques to solve the governing equations) analyses to obtain the distribution of various 
stress components along the adhesive layer. Generally the averaged stress state across the 
adhesive layer is obtained; however, some analyses, notably that of Renton et al (1975), 
include a variation in the stresses across the thickness of the adhesive layer. The most 
versatile of these forms of analysis allows arbitrary loading and the effect of both adhesive 
and adherend material non-linearity (Crocombe et al1990). 
2.3.3. Two-dimensional finite element analyses 
In the early 1970's with the increasing availability of computers, the finite element method 
became available for the analysis of adhesive joints. Wooley and Carver (1971) were 
among the first to use finite element analysis for adhesive joints. Since then many 
researchers have used this technique to assess the stresses in adhesive joints. For example 
Adams et al ( 1978) determined the stress distribution in a butt joint loaded in tension and 
torsion. Crocombe and Adams (1981a) carried out a study of the effect of the spew fillet on 
the stress distribution in a single lap-joint for a range of geometric and material parameters 
using linear elastic finite element analysis. Crocombe and Adams ( 1981 b) performed 
subsequently an elastic analysis including geometric non-linearities of a peel test and later 
(1982) extended this to include the effects of elasto-plastic material behaviour. Harris and 
The peel stress is the direct stress component normal to the plane of the adhesive layer. 
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Adams (1984) analysed a single lap-joint including both geometric and material non-
linearity. Penado (1990) presented a review of numerical design analyses of adhesive joints 
including linear elastic finite element results for various joint configurations. Finite element 
analysis can be used to model virtually any joint configuration and allows small scale 
geometry to be taken into account as well as material and geometric non-linearities. It can 
also provide much more detailed results than either closed form or semi-closed form 
analyses. This increased detail of analysis has produced some interesting information on 
the local stresses in adhesive joints. Using linear elastic finite element analysis Adams and 
Peppiatt (1974) assessed the stresses in single and double lap joints, with and without 
spew fillets. It was observed that for a square ended adhesive layer (i.e. without a fillet) a 
high stress concentration existed at the comer of the adhesive layer adjacent to the loaded 
adherend and that when a fillet was included a stress concentration was found at the 
embedded corner of the unloaded adherend, see figure 2.1. Adams and Harris ( 1987) 
investigated the stresses around the embedded comer in an adhesive fillet in more detail 
using both elastic and elasto-plastic finite element analyses. They concluded that for a sharp 
comer in an elastic material the stress fields were singular (which indicates that the strains 
and energy densities were also singular) and of the form r"-. However, when an elasto-
plastic material was considered it was noted that the stress field became only weakly 
singular while the plastic energy density was strongly singular. The singular nature of hi-
material features in typical adhesive joints is considered to be of particular interest and is 
discussed in greater detail in section 2.4.2. It has been stated by Adams ( 197 4) and co-
workers (Zhao 1991) that sharp corners do not occur in practice and that including the 
effect of a rounded comer will remove the singularity. Adams and Harris ( 1987) looked at 
the effect of rounding the embedded corner in an adhesive fillet using both elastic and 
elasto-plastic analyses. A number of important points came from this work. It was noted 
that when rounding was included the conditions at the comer ceased to be singular and that 
a maximum value of stress, for elastic analyses, or plastic energy density, for elasto-plastic 
analyses, could be obtained. However, further away from the corner the stress/plastic 
energy density distributions reverted to the form obtained for a sharp corner. It was 
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Figure 2.1:- Finite element predictions of the principal stresses at the end of a single lap-joint (i) with a spew 
fillet, and (ii) without a spew fillet. Adams and Peppiatt (1974). 
observed that the maximum value obtained was inversely proportional to the degree of 
rounding and that the distance from the embedded comer at which the sharp comer solution 
was recovered was of the same order as the degree of rounding. The maximum stress and 
plastic energy density are thus strongly dependent upon the degree of rounding introduced. 
Zhao ( 1991) has carried out similar work and has shown a similar strong dependency 
between maximum stress/plastic energy density and the degree of rounding. 
2.3.4. Three-dimensional finite element analyses 
Finite element analysis also allows three-dimensional stress analysis to be undertaken. 
Unfortunately there has been very little work that has used this capability for the analysis of 
adhesive joints. Two researchers that have undertaken three-dimensional finite element 
analysis of adhesive joints are Lymer (1984) and Zhao (1991). The work ofLymer (1984) 
considers penny shaped cracks in single lap joints and compares the results from three and 
two-dimensional analyses. Included in these comparisons were results from two and three 
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dimensional uncracked configurations. A load equivalent to the average load per unit width 
was applied to the two dimensional model and a plane strain analysis was carried out. The 
comparisons showed that the peel stress distribution in the centre of the joint obtained from 
the three-dimensional model was very similar to the results from the two-dimensional 
model. The error in the peak value was approximately 2%. Zhao (1991) carried out 
extensive three-dimensional analyses of both single and double lap joints using linear 
elastic finite element analysis. In this work the variation of various stress components 
across the width of the joint was assessed. Of particular interest was the variation across 
the width of peel and shear stresses in the adhesive. Zhao observed that both peel and shear 
stresses were constant away from the edges of the joint. At the edges the shear stresses 
tended to peak while the peel stresses peal< a small distance from the edge of the joint 
before decreasing abruptly. Although not noted by Zhao the variation of peel and shear 
stresses across the width of the joint indicates a non-uniform load transfer. It is possible 
that this should be considered when determining what loads to apply to two-dimensional 
models to make them representative of the true (three-dimensional) situation. 
2.4. Stresses at singularities and cracks in adhesive joints 
2.4.1. Introduction 
Stress and strain singularities within adhesive joints are of considerable importance. 
Singularities can be caused by hi-material features or the presence of cracks or other flaws. 
The following two sections discuss the stress fields caused by hi-material singularities and 
cracks in adhesive joints. The final section addresses the finite element analysis of points of 
singularity. 
2.4.2. Bi-material singularities 
A considerable amount of work has been carried out looking at the analytical solutions to 
problems containing a singularity resulting from the interaction between two joined elastic 
regions of different material properties. Bogy (1968) analysed two edge-bonded quarter 
planes of differing material properties and showed that for certain combinations of materials 
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Figure 2.2:- The local geometry at two edge bonded elastic wedges. 
the stress field is singular and of the order r-". The problem was greatly simplified by 
Dundurs ( 1969), who pointed out that the plane strain or plane stress analysis of two elastic 
materials could be characterised by a pair of material parameters instead of the four material 
properties (two moduli and two Poisson's ratios). This work was extended by Bogy 
(1970,1971a) and by Bogy and Wang (1971b). This topic was studied also by Rein and 
Erdogan ( 1971 ). 
The relevance of this work to adhesive joints was discussed by Groth ( 1985b, 1988a). He 
pointed out that within typical adhesive joints, such as lap joints, there are regions that are 
similar in nature to the problems addressed by Bogy. Particular attention was drawn to the 
corners of the adhesive layer in the absence of a spew fillet and the embedded corner in a 
geometry with a spew fillet. These locations were the same as those noted by Adams and 
Peppiatt (1974) as regions of high stress concentration (section 2.3.3 and figure 2.1). 
Applying the work of Bogy ( 1971 a), the solution to the problem of two edge-bonded 
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elastic wedges of different materials (see figure 2.2), Groth concluded that the stresses 
close to the comer of the squarely terminated adhesive layer were of the form cr = Qr"- and 
that the value of 'A ( = 1 - p) can be determined from the smallest real root of equation 2.3 
over the interval O<p< 1. 
where 
Lt (8',8";p) 
L 2(8',8";p) 
L3(8',8";p) 
L4(8',8";p) 
L 5(8',8";p) 
L6(8',8";p) 
L(p,8) 
a 
ｾ＠
mi 
e ',e" 
f.L',v' 
f..L",v" 
Ｒｌ Ｔ ＨＸＧＬＸＢ［ｰＩｾ＠ + 2L5(8',8";p)a + L6(8',8";p) 
= 4L(p,8")L(p,8') 
= 2p2sin2(8 11)L{p,8') + 2p2sin2(8')L(p,8") 
= 4p2(p2-t )sin2(8 11)sin2(8')+ L[p,(S"-8')] 
= 2p2[sin2(8")sin2(p8')-sin2(8')sin2(p8")] 
= -L4(8",8';p) + L(p,S') - L(p,8") 
= L(p, e "+e ') 
= sin2(p9)-p2sin2(8) 
= (J.L'm"-f.L "m')/(fl 'm" +fl. "m') 
= [J.L '(m" -2)-fl "(m'-2) ]/{fl 'm" +f.! "m') 
= 4(1-vi), for plane strain 
= 4/( 1 +vi), for plane stress 
are the wedge angles defined in figure 2.2 
are the adhesive shear moduli and Poisson's ratios respectively 
are the substrate shear moduli and Poisson's ratios respectively 
... 2.3 
For the case where one material is much stiffer that the other, which is the case for most 
adhesive-substrate systems, equation 2.3 can be simplified to 
... 2.4 
where 
L7 = ± [4/(3-v')(l+v')]O.S 
Lg = ± [( 1 +V')/(3-v')]O.S sin(8')/8' 
The above form is for plane strain. For plane stress vis replaced by -v. 
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The stresses at the embedded corner in a spew fillet (figure 2.3) were also discussed by 
Groth (1985b). It was noted that these stresses may also be singular and that the strength of 
the singularity could be obtained by solving the equations presented by Bogy and Wang 
(1971b). A more rigorous assessment of the stresses at the embedded corner in a fillet was 
presented by Groth in 1988(a). In this work it was stated that the form of the stresses in 
this region can be expressed generally in terms of the power series 
00 
(j ... 2.5 
where 
Qk are the generalised stress intensity factors 
r is the distance from the point of singularity 
A.k are the strengths of the singularities 
The values of 'A can be determined from the roots of the transcendental equation (2.6) given 
below, over the interval O<Re(p)<l. As with equation 2.4 the roots obtained must be real 
and 'A= 1 - p. 
ｅＨｓＧＬ｡Ｌｾ［ｰＩ＠ = ｛Ｈ｡ＭｾＩＲｰＲｳｩｮＲＨＸＧＩＭ ＨｬＭｾＩＲｳｩｮＲＨｰＸＧＩ｝＠ ｛ＨＱＫｾＩＲｳｩｮＲＨｰＸＢＩ＠
- Ｈ｡ＭｾＩＲｳｩｮＲＨＸＢＩ｝＠ + (a2-l)sin2[p(n:-8")] ｻＲＨ｡ＭｾＩＲｰＲｳｩｮＲＨＸＢＩ＠
+ ＲＨＱＭｾＲＩｳｩｮＨｰＸＧＩｳｩｮＨｰＸＢＩＭ (a2-l)sin2[p(1t-8")]} ... 2.6 
where 
8',8" are the material angles defined in figure 2.3 
Groth went on to determine the values of A. for the embedded co1ner of a toughened epoxy-
aluminium single lap joint. Two roots were found corresponding to 'At =0.340 and 
A2=0.196. This indicated that the power expansion, equation 2.5, had two terms. The 
corresponding Qk values were then determined from the results of finite element analysis. It 
was found that both terms were of the same order and hence both had to be taken into 
account. However it was observed that the stress field could also be described using a 
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Figure 2.3:- The local geometry of an embedded bi-material wedge. 
single term expression of the form cr = QeqrAeq with Aeq=0.14. This form of description of 
the stress field is similar to that suggested by Adams and Harris (1987). 
All discussion about singularities to this point has assumed linear elastic material behaviour 
which is unrealistic for real materials, particularly adhesives. As discussed in section 2.3.3 
Adams and Harris ( 1987) showed that the stresses close to the embedded comer in an 
adhesive spew fillet in an elasto-plastic material were weakly singular and that the plastic 
energy density was strongly singular. They went on to compare their results with the 
analytical solution (Rice 1968, Hutchinson 1968) for the stress and strain fields around a 
crack tip in a power-law hardening material. Groth (1988b) commented on this comparison 
and corrected some minor misinterpretations. He stated that the expressions for stress and 
strain presented by Rice ( 1968) and Hutchinson ( 1968) are special cases relevant to cracks 
only and that the expressions for a general singularity were of the form given overleaf 
17 
where 
(j 
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r-N/J(NA-+ 1-A-) 
rA1CA-+N(l-A-)) 
E is the strain 
N is the power law hardening parameter 
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However Groth and Brottare (1988c) have also demonstrated that if the plastic zone size is 
small the far field stresses are of the form of the elastic singularity discussed earlier. This is 
similar to small scale yielding as applied to linear elastic fracture mechanics. 
2.4.3. Cracks 
Fracture mechanics theory is fundamental to the understanding of failure in adhesive joints. 
Kinloch and Shaw (1981) have stated that "structural adhesive joints fail by progressive 
crack growth" and thus an appreciation of stresses and processes around the tip of a crack 
in the adhesive layer of a joint is important. A general review of fracture mechanics theory 
would not be appropriate here. The reader is therefore referred to one of the numerous text 
books and articles on this subject for further background information: Broek (1982) for 
elementary fracture mechanics theory, Kinloch and Shaw ( 1981 ), Kinloch ( 1987) and 
Anderson ( 1977) for fracture mechanics applied to adhesive joints. Many researchers have 
carried out experimental and analytical studies of adhesive joints containing cracks 
including Malyhev and Salganik (1965), Mostovoy and Ripling (1971), Trantina 
(1972a,b), Mulville et al (1978), Wang et al (1981), Small et al (1986), Anderson et al 
(1988a) and Hamoush and Ahmad (1989). A large proportion of this work addresses the 
prediction of failure in adhesive joints, a topic discussed in detail in section 2.5.5. 
Cracks in adhesive joints can be either cohesive (in the bulk of the adhesive), or interfacial 
(on the interface between the adhesive and the substrate) or vary between the two. The 
stress distributions and the form of the singularity at an interfacial crack tip are very 
different from those at a cohesive crack tip. Much analytical work has been carried out 
investigating the characteristics of interfacial crack problems, for example Erdogan (1963), 
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England (1965), Rice and Sih (1965) and Loeber and Sih (1967). Rice (1988) has 
reviewed the subject and in particular discussed the application of homogeneous elastic 
fracture mechanics concepts to interfacial crack problems. Comninou (1990) and Toya 
(1992) also review this subject. Rice, following Hutchinson et al (1987), describes the 
stresses along the interface in front of a crack as 
where 
ｋｲｩｾ＠
= ｾ＠ ... 2.7 
K = K 1 + iK2; K 1 and K2 are the mode I and mode II stress intensity 
factors respectively 
r is the distance from the crack tip 
1 ＿ｊｋＧｾＢＫｊＮｌＧ｝＠ｾ＠ = 21t lJ.ll( II ｾ＠ I + ｾ＠ II 
= 
= 
3 - vi 
1 +vi 
3- 4vi 
plane stress 
plane strain 
It should be noted that the definition of K used here is different from the classical bi-
material crack K introduced by Rice and Sih ( 1964, 1965) and used by many other 
researchers. The relationship between these two definitions of stress intensity factor is 
ｋ］Ｈｋ Ｑ Ｋｩｋ Ｒ ＩＭｻ［｣ｯｳｨＱｴｾＮ＠ At least two other definitions of stress intensity factors for hi-
material crack problems have been proposed, the first by Shih et al ( 1988) and the second 
by Toya (1990). However these have not been considered here. 
It can be seen from equation 2.7 that the stress fields are bounded by an r-0.5 singularity 
and oscillate with increasing frequency as the crack tip is approached. However, work by 
Shih and Asaro (1988) has suggested that as the extent of plasticity at the crack tip 
increases, the oscillatory nature of the interfacial crack tip singularity is lost. The form of 
the (elastic) displacement of the free crack surfaces is oscillatory also as can be seen from 
the equation overleaf. 
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... 2.8 
ux,uy are the displacements parallel and perpendicular to the crack respectively 
The oscillatory nature of this equation predicts that there will be regions close to the crack 
tip where the free crack surfaces overlap. This is impossible physically, instead it is 
suggested that small contact regions may exist. These contact regions depart from linear 
elastic theory and therefore may invalidate the classical hi-material crack solutions. 
Analytical solutions to interface crack problems including frictionless contact near the crack 
tip have been developed by Comninou ( 1977,1978, 1979) and Gautesen and Dundurs 
(1987,1988) while solutions to interface crack problems including contact regions with no 
tangential slip were obtained by Mak et al (1980a,b ). These solutions generally show that 
the contact zone is more prominent in mode II loaded geometries. Recent work by Shih and 
Asaro (1988) has suggested that contact zones may not generally exist in real interfacial 
crack problems. Using non-linear finite element analysis Shih and Asaro (1988) have 
shown that the contact zone disappears in mode I loaded cracks as a small plastic zone 
develops at the crack tip. Rice (1988) and Anderson (1988b) have also addressed the 
problem of contact zones. From classical analysis they concluded that typically the contact 
regions were sufficiently small so as not to affect the overall validity of the solution. 
Further they suggested that these conditions could be thought of in a similar way to small 
scale yielding conditions imposed on classical linear elastic fracture mechanics. 
In an analogous manner to the homogeneous problem the hi-material crack stress intensity 
factor is directly related to the energy release rate. The form of this relationship is given 
below (Rice 1988). 
G 
[(K' +1)/J.!' +(K" +1)/j.t'' ] -
= KK ＱＶ｣ｯｳｨＲｮｾ＠
... 2.9 
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It should be noted that equations 2.7, 2.8 and 2.9 reduce to the homogeneous solution 
when ｾ］Ｐ＠ and K = K1 +iKu (the homogeneous stress intensity factors). However K1 and 
K2 have very different properties from K1 and Kn. They are coupled and have no physical 
meaning unless a distance of evaluation is also given. This was discussed in detail by Rice 
(1988) and Toya (1990). For these reasons G is more useful for hi-material crack 
problems, Toy a ( 1990). 
2.4.4. Finite element analysis of points of singularity 
Special considerations must be given to the finite element analysis of points of singularity. 
There are two basic techniques for modelling singularities. The first uses conventional 
elements and relies on a refinement scheme focused on the point of singularity. This type of 
approach was presented by Malone et al ( 1986) and Tsamasphyros et al ( 1989) and has 
been used by many researchers Trantina ( 1972b ), Crocombe ( 1981 b), Crompton ( 1989), 
Vander Zande (1986). The second technique embeds the form of the singularity in the 
formulation of the element; examples of this technique are presented by Manu ( 1985) and 
Murti (1986). Using special elements is the more efficient of the two techniques; however it 
is generally only applied to simple singularities (i.e. of the rlv type) and it requires the 
strength of the singularity to be known prior to analysis. 
Finite element analysis has been used extensively for the investigation of fracture 
mechanics problems in adhesive joints. Work in this area includes Trantina (1972b ), the 
application of fracture mechanics to mixed mode loaded adhesive joints, Crompton et al 
(1989), modelling cohesive crack propagation in a compact tension specimen under fatigue 
loading, Wang et al (1981), analysis of cohesively cracked single lap joints, Dattaguru et al 
(1984), a study of geometric non-linearity effects on cracked lap-shear joints and Wassell et 
al ( 1990), an investigation of interfacial crack growth in wedge opening load specimens. In 
the aforementioned work finite element analysis is used primarily to determine a fracture 
mechanics parameter such as K1 or G1. A review of the application of finite element 
analysis to the calculation of fracture mechanics parameters was presented by Gallagher 
(1978). 
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Recently finite element analysis has been used to try to model the conditions around a crack 
tip including the effects of the process zone i.e. a region in which the continuum behaviour is 
no longer applicable. Sjoberg (1990) has carried out work of this type by modelling a line 
in front of the crack tip which could separate under constant stress conditions. The 
appropriate behaviour of the process zone in these analyses was simulated by using a line 
of non-linear springs which initially were very stiff, until a given load was reached, and 
then allowed separation at constant load. There are some obvious similarities between this 
approach and the Dugdale model for a crack in an elasto-plastic material (ref. Broek 1982). 
Both contain an opening region at the crack tip across which a constant stress is carried 
regardless of the displacement. However there are some very fundamental differences. In 
the Dugdale model the constant stress region simulates the plasticity at the crack tip whereas 
in Sjoberg's analyses the plasticity is dealt with in the continuum while the constant stress 
region simulates rupture processes. This type of application of finite element analysis 
could provide , a more physically correct means of modelling the conditions around points 
of singularity. 
2.5. Quasi-static failure criteria 
2.5 .1. Introduction 
Numerous failure criteria for adhesive joints have been proposed and used with varying 
success. The majority of the early failure criteria were based on critical values of stress or 
strain for unflawed joints and linear elastic fracture mechanics for cracked joints. This 
section aims to review the various forms of failure criteria that have been proposed for 
adhesive joints and, where possible, to assess their applicability to typical joint 
configurations. The remainder of this section has been subdivided into five areas covering 
the various type of failure criteria: Maximum stress/strain, stress/strain and a distance, limit 
state analysis, fracture mechanics and hi-material singularities. 
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2.5 .2. Maximum stress/strain 
Maximum stress/strain failure criteria are the most intuitive starting point for joint strength 
predictions. Such a form of failure criterion assumes that the joint will fail when a critical 
value of stress/strain is reached at any point within the joint. A large number of researchers 
have proposed and used failure criterion of this type and it is useful to review the range of 
maximum stress/strain failure criteria that have been employed. 
Maximum shear stress criterion 
A maximum shear stress failure criterion was proposed and used by Greenwood et al 
(1969) to predict the strength of single lap-joints under a range of loading conditions. In 
this work a Go land and Reissner ( 1944) closed form analysis was used and good 
correlation with experimental results was obtained. Hart-Smith (1973) also included a 
maximum shear stress criterion when he proposed that one of the categories of joint failure 
was local shear failure in the adhesive. 
Maximum peel stress criterion 
Hart-Smith also included local peel failure in his modes of failure for a single lap joint. This 
type of criterion has also been used more recently by Crocombe et al (1985). In this latter 
work results from a simple closed form analysis (which modelled only the peel stresses in 
the adhesive), were used for strength predictions of 'T' and 'L' joints. The predictions 
were compared with experimental data and showed reasonably good correlation. 
Peak maximum principal stress criterion 
A peak maximum principal stress failure criterion has been used extensively by Adams and 
co-workers. Examples of the application of this form of criterion are Harris and Adams 
(1984), predicting the strength of single lap joints using elasto-plastic finite element 
analysis, Adams and Harris (1987), predicting the failure strength of single lap-joints using 
linear elastic finite element analysis and Crocombe and Adams (198lb) predicting failure in 
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peel joints using large displacement elastic finite element analysis. In all of these studies the 
failure predictions were correlated to experimental results with some success. 
Maximum Von Mises effective stress criterion 
Another alternative maximum stress failure criterion has been based on the peak value of 
the Von Mises effective stress. This was used by Ikegami (1989) to predict the strength of 
composite to metal scarf joints from elastic finite element analysis. The Von Mises stress 
provides an effective stress that can be related to the uniaxial yield stress. However as 
discussed in section 2.2.2 the Von Mises yield criterion neglects the hydrostatic component 
of stress which significantly affects the yield and deformation behaviour of polymers. 
Maximum shear or peel strain criterion 
The categories for failure in single lap joints proposed by Hart-Smith (1973) include shear 
and peel failure in the adhesive as mentioned previously. For ductile adhesives these are 
best expressed in terms of the adhesive strains. 
Peak maximum principal strain criterion 
Harris and Adams ( 1984) showed that for a toughened adhesive the maximum principal 
stress was not as appropriate as maximum principal strain. Applying this criterion in 
conjunction with an elasto-plastic finite element analysis, strength predictions were 
obtained for single lap-joints and compared with experimental results. 
Maximum effective uniaxial plastic strain criterion 
Crocombe and Adams (1982) used a maximum effective uniaxial plastic strain for 
predicting failure in peel joints using large displacement elasto-plastic finite element 
analysis. This followed up earlier work (Crocombe et al 1981 b) that did not consider 
elasto-plastic behaviour and used a maximum principal stress criterion. 
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Maximum plastic energy density criterion 
An alternative to the use of a strain based criterion for ductile adhesives is to use an energy 
density based criterion. Adams and Harris ( 1987) used this approach for the failure 
prediction of single lap-joints based on a plastic energy density criterion in conjunction with 
an elasto-plastic finite element analysis. This criterion was also used by Zhao (1991) to 
predict failure in single lap-joints, with large radiuses on the embedded comer in the fillet, 
made from a highly ductile adhesive. 
Assessments of failure criteria 
Bigwood and co-workers (Bigwood 1990, Crocombe et al1990) have assessed a range of 
critical parameters for a number of joint configurations and adhesives. In this work 
cleavage joints and compressive shear specimens with two adherend thicknesses and three 
types of adhesives were tested and analysed using both elasto-plastic finite element analysis 
and an elasto-plastic semi -closed form analysis. The results of these analyses were then 
used to assess the suitability of various maximum stress and strain components as failure 
criteria. Although it was shown that the maximum principal stress gave a good indication of 
joint strength for the cleavage specimens, no single failure criterion was found to be 
suitable for all configurations and adhesives. 
As is evident from the range of maximum stress/strain failure criteria and the work by 
Bigwood ( 1990) and Crocombe et al ( 1990) there is no single criterion which predicts 
failure in all situations. There are also some fundamental problems with this type of failure 
criterion. As discussed in section 2.3.3 and 2.4.2 typical joints, such as single lap joints, 
contain hi-material geometric features that can result in singular stress/strain fields. In these 
circumstances a maximum stress/strain failure criterion is obviously meaningless. However 
it has been stated by Zhao (1991) and Adams et al (1974) that sharp corners do not exist in 
real joints and therefore neither do the stress/strain singularities. This is a valid point but as 
observed by Adams and Harris (1987), and discussed in section 2.3.3, the value of the 
maximum stress/strain components is highly sensitive to small changes in the degree of 
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rounding whereas the experimental results are not (Adams et al 1974, Zhao and Adams 
1989, Zhao 1991). It can be concluded therefore that although reasonable success has been 
obtained with maximum stress/strain failure criterion there is analytical and experimental 
evidence to suggest that this form of failure criteria is not suitable for adhesive joints in 
general. 
2.5.3. Stress/strain and a distance 
A way of getting around the problems associated with maximum stress/strain criteria 
discussed above is to use a maximum stress/strain at a given distance from the point of 
singularity or a critical value of stress/strain averaged over a given region. Zhao (1991) 
used this second approach to predict failure in single lap-joints with fillets and various 
degrees of rounding on the embedded comer. Two types of adhesive were used, MY750, a 
brittle epoxy, and a CTBN rubber toughened epoxy. Four different degrees of rounding 
were tested and analysed. However, an averaged stress failure criterion was only applied to 
the sharp cornered and small radiused configuration. For the MY7 50 configurations the 
results from linear elastic finite element analysis were used in conjunction with an averaged 
principal stress failure criterion. The principal stress around the embedded substrate comer 
in the fillet were averaged across the thickness of the adhesive layer and the ultimate tensile 
stress (obtained from bulk tests) was used to predict the failure load. The predictions 
obtained were higher than the experimental results. However good predictions were 
obtained using either a lower critical stress or a smaller averaging distance. For the CTBN 
toughened epoxy configurations the average plastic energy density was used in conjunction 
with the results of elasto-plastic finite element analysis to predict failure. For these joints 
averaging over the adhesive layer thickness and using the bulk data as the critical value 
produced reasonable results. It is interesting to note that if the stresses in an adhesive joint 
are analysed using a closed form or semi-closed form technique then the results are 
effectively averaged over the thickness of the adhesive layer. In this situation a maximum 
stress/strain failure criterion is effectively a failure criterion based on a stress averaged over 
the thickness of the adhesive layer. 
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A failure criterion based on a stress at a given distance was discussed by Kinloch et al 
(1981,1983). They used this criterion to predict failure in cracked epoxy specimens with a 
range of crack tip radii. It is obvious from the analysis presented by Kinloch and Shaw 
( 1981) that this form of failure criterion is equivalent to using a stress intensity factor when 
the crack tip radius is zero providing that the distances used are within the region dominated 
by the singularity. Due to the nature of crack tip stresses this should also be true for failure 
criterion based on a stress averaged over a distance. 
2.5.4. Limit state analysis 
Limit state analysis is a form of failure assessment presented first by Crocombe (1989). At 
that time he introduced it as a global yielding failure criterion. The premise of this criterion 
is that for ductile adhesives it is quite possible that before local conditions are sufficient to 
cause failure the entire adhesive layer will yield and reach a limiting state which can sustain 
no additional load. The applicability of this criterion was demonstrated for three joint 
configurations, single lap, double lap and compressive shear. Each of these configurations 
were bonded with highly ductile adhesives. Non-linear finite element analyses were carried 
out and the load at which the adhesive layer was completely yielded was determined. The 
results obtained compared favourably with the experimental failure loads. It was also noted 
by Zhao ( 1991) that this type of failure criterion was applicable to a CTBN toughened 
adhesive lap joints when a large radius was included at the ends of the adherends. However 
he noted additionally that this criterion was not generally applicable. In fact the criterion 
would be applicable only to a small number of adhesive joints. The majority of structural 
epoxies would not have sufficient ductility for the entire adhesive layer to yield prior to 
joint failure. 
2.5.5. Fracture mechanics 
Fracture mechanics, as used to predict failure in homogeneous bodies has been applied 
extensively to adhesive joints. Fracture mechanics is the study of the strength of structures 
which contain flaws such as cracks. Instead of looking at the local value of peak stress, 
which are infinite at the crack tip, fracture mechanics assesses if the conditions in the 
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structure are suitable for failure. The principles were set out by Griffith (1920). He 
suggested that a brittle system containing flaws will fail when the energy the structure can 
supply to the crack tip under given loading (the energy release rate G) is equal to the energy 
required for the crack to propagate (the critical energy release rate Gc). A number of other 
criteria have also been proposed for the prediction of crack propagation including critical 
stress intensity factor (K1c), a critical value of J integral CJc) and critical crack opening 
displacements (oc). Each of these is discussed in detail in Broek (1982). It should be noted 
that under small scale yielding conditions in a homogeneous system K1=(EG1) 112 for plane 
stress and KI=(EGI/(1-v2))112 for plane strain, J=G and o=G1/cryield· Kinloch (1987) states 
two advantages of using energy release rate over stress intensity factors for adhesive joints. 
Firstly, G has strong physical meaning being directly related to the energy absorbing 
processes. Secondly a usable value of K is not always straightforward to obtain. This is 
particularly true if the crack is at or close to the interface. In a two-dimensional 
homogeneous problem K is usually divided into K1 associated with peel and Kn associated 
with in-plane shear stresses; for interfacial crack problems K 1 and K2 do not have such a 
physical significance and both arise for nominally mode I loading (Kinloch 1987). Because 
of the complications with stress intensity factors Toya ( 1990) also stated that energy release 
rates were more appropriate parameters for predicting failure in hi-material crack problems. 
As mentioned previously Gc is directly related to the energy absorbing processes and can 
be written as Gc=Go+Y, where Go is the intrinsic fracture energy andy is the energy 
dissipated in visco-elastic and plastic deformation at the crack tip. Gent et al and Andrews 
et al (ref. from Kinloch 1987) proposed that y=G0 f(a,Tp,£), where a is the crack growth 
rate, T p is the temperature and £ is the level of strain. This implies that Gc=Go<I>( a, T p,e) 
where <I> is a loss function. The inclusion of temperature and crack extension in the loss 
function indicates that the fracture energy is both rate and temperature dependent. The 
nature of these dependencies is discussed in detail in Kinloch and Shaw ( 1981) and 
Kinloch (1987). 
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The constraining nature of the substrates in adhesive joints cause a number of problems, 
including the need to consider fracture under combined loading conditions and a 
dependency of the critical energy release rate on the thickness of the adhesive layer, both 
effects were reviewed by Kinloch et al (1981,1987). Cracks in homogeneous isotropic 
materials tend to propagate in mode I, along a path normal to the direction of maximum 
principal stress, regardless of the orientation of the original flaw. However in an adhesive 
joint the direction of crack propagation is constrained by the substrates. It is therefore 
important to consider fracture under combined loading condition. Various mixed mode 
fracture criterion have been proposed, for example (G1cJ/Gic)A + (GncJ/Gnc)B = 1 
(where G1c1 and GncJ are the respective values in the joint of interest at fracture). Values 
of A=0.5, B=l and A=B=l have been reported as appropriate (ref. Kinloch et al 
1981,1987). The second constraining effect of the substrates is observed in the dependency 
of K1c and G1c on the adhesive layer thickness. The effect of the rigid substrates close to 
the crack tip is to increase the level of tensile stress and thus extend the length of plastic 
zone. As the substrates become further away from the crack tip this effect is reduced and 
Gc decreases. If the substrates become too close to the crack, then the height of the plastic 
zone is restricted and thus Gc decreases. It has been noted that the maximum values for 
K1c and G1c are obtained when the thickness of the adhesive layer is approximately equal 
to the plastic zone size. In these circumstances K1c and G1c can be larger than the bulk 
values. 
The above discussions indicate that the application of fracture mechanics to adhesive joints 
causes some problems. Nevertheless fracture mechanics has been applied with reasonable 
success to adhesive joints. Authors include Malyhev and Salganik (1965), Mostovoy et al 
(1971), Trantina (1972a,b), Mulville et al (1978), Wang et al (1978,1981), Small et al 
(1986), Anderson et al (1988a), Harmoush and Ahmad (1989). The majority of this work 
assumes the existence of a crack. This is very useful in determining the flaw tolerance of 
adhesive joints; however, it is not particularly relevant to uncracked systems. The work by 
Anderson et al ( 1988) does apply a fracture mechanics approach to uncracked systems by 
determining an inherent flaw size. A series of button tests were carried out on a brittle 
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epoxy using specimens with various flaw sizes and an unflawed configuration. The results 
from these tests were then used in conjunction with finite element analysis to determine Gc 
and an inherent flaw size a0 (the flaw size that would produce the same failure load as the 
nominally unflawed configuration). These values of Gc and a0 where then used to predict 
failure in blister tests and thick lap shear tests. The correlation obtained between 
experimental and predicted failure loads was exceptionally good. A similar procedure was 
then tried with a rubber toughened high strength structural epoxy using Jc as the failure 
parameter. The results obtained were disappointing because of the dependency of J on the 
constraining effect of the substrates. It was concluded therefore that additional investigations 
needed to be carried out into the nature of J before this type of technique could be applied to 
toughened epoxies. Another difficulty of applying the inherent flaw size technique, pointed 
out by Groth (1988a), is that the location at which to insert a crack is often unclear. It can 
be concluded therefore that considerably more work needs to be done in order to make this 
type of failure criterion generally applicable to structural adhesive joints. 
2.5.6. Bi-material stress intensity 
The use of a failure criterion based on a hi-material stress intensity is an extension of critical 
stress intensity factors used in fracture mechanics to problems which do not contain cracks. 
The stress field around hi-material singularities (a detailed discussion of which was 
presented in section 2.4.2) and homogeneous cracks have similar forms which can be 
express as a = Qr-Af A where Q is the stress intensity factor (Q=K for homogeneous 
cracks), r is the distance from the point of singularity, A, is the strength of the singularity 
(A=0.5 for homogeneous cracks and A<0.5 for hi-material singularities) and A is a scaling 
constant (A=(2rc)l/2 for homogeneous cracks). Thus if the order of the singularity is 
known the stress intensity factor Q characterises the stress field. 
The premise of this form of failure criterion is that failure occurs at a point of hi-material 
singularity when the (elastic) stresses reach a given level characterised by Q=Qc. This form 
of failure criterion was first applied to adhesive joints by Gradin and Groth in 1984. A 
series of mixed mode cleavage tests under various modes of loading were carried out on a 
test configuration containing a well defined hi-material singularity (see figure 2.4). Finite 
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element analysis was then carried out using the experimental failure loads to determine Q at 
the onset of failure. The values obtained showed good consistency, it was concluded 
therefore that a critical value of Q can be used to predict failure under a wide range of 
loading conditions. Groth (1985a,c) subsequently applied this form of criterion to a range 
of single lap joints configurations without fillets and showed that Qc was reasonably 
independent of joint geometry. However, it was noted that Qc became increasingly 
dependent upon adhesive layer thickness as the thickness became small. This form of 
failure criterion was also applied to single lap-joints with fillets (Groth 1988a) with limited 
success. Good correlation was obtained for long overlap lengths but the predictions failed 
to pick up the rapid decrease in joint strength as the overlap length became small. Adhesive 
plasticity was suggested as a possible reason for this discrepancy. The applicability of a 
critical hi-material stress intensity factor failure criterion in elasto-plastic material was 
investigated by Groth and Brottare (1988c ). Although no experimental validation was 
performed it was shown that a stress intensity factor could be defined under conditions of 
small scale yielding (this is covered in more detail in section 2.4.2). 
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Figure 2.4:- Specimen geometry used by Gradin and Groth (1984). 
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Critical hi-material stress intensity failure criteria have also been investigated by Hattori et al 
(1988a,b) and Carpenter (1988). The work of Hattori et al followed a similar line to Groth 
in that Qc was used to predict failure. The main point of interest to come from this work 
was the indication that Qc was dependent on the strength of the singularity. A range of 
geometries were used to obtain different strengths of hi-material singularity whilst keeping 
the adhesive and substrate materials the same. These were then loaded thermally and the 
temperature at which failure occurred was recorded. Using the coefficients of thermal 
expansion in conjunction with finite element analysis the stress intensity factors at failure 
were determined. One point that seems to have been overlooked by the authors is the 
temperature dependent nature of plasticity and rupture in epoxies. Since different 
geometries will require different temperatures to cause the same stress intensity factors the 
results could be severely distorted. However the results are interesting and the work 
indicates that further investigation into the dependence of the critical stress intensity factor 
on the strength of singularity is required. 
A different approach to the application of stress intensity failure criterion was presented by 
Carpenter and Patton ( 1988). They presented a contour integral method of determining the 
stress intensity around a point of hi-material singularity. Theywent on to compare 
predictions based on stress intensity and finite element analysis with those based on a 
Go land and Reissner ( 1944) closed form analysis and a stress concentration approach. 
The work carried out on this form of failure criterion has indicated that it is a promising 
area for further development. However at the present time there are a number of areas that 
need to be addressed before this form of failure criterion can be taken as generally 
applicable, including the dependency of Qc on the strength of the singularity, establishing 
that Qc is independent of the type of specimen used and the effect of elasto-plastic material 
behaviour. It is also unclear whether this type of criterion would be suitable for joint 
geometries with rounded adherends that do not have a well defined singularity. 
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2.6. Summary 
It is clear from the literature on adhesives and adhesive joints that the mechanical behaviour 
of epoxies and the stresses in adhesive joints are complex subjects. It has been shown that 
typical adhesive joints often contain hi-material features that result in theoretically singular 
stress/strain fields and it is likely that failure initiates around these points. However it has 
also been shown that when radii are included in the joint geometries the singular nature of 
the stress/strain fields disappears. It has also been demonstrated that although small radii 
have a significant effect on the stress/strain field they have little effect on the failure load. 
A failure criterion is thus required that is applicable both to singular and non-singular 
stress/strain fields. Reviewing the criteria discussed in section 2.5 it is obvious that 
maximum stress/strain based criterion are not suitable and that limit state analysis is only 
applicable to a small range of adhesive joints. The three types of failure criterion left are 
stress/strain and a distance, fracture mechanics and hi-material stress intensity factors. The 
idea of characterising the stress field at the point of failure using a stress/strain value and a 
distance or a stress intensity factor would appear to have good physical justification. 
However a stress intensity factor approach is not appropriate for a non-singular stress field 
and is difficult to apply to stress fields with different strengths of singularity. It is 
suggested therefore that a stress/strain and a distance approach is the best method of 
characterising the stress field. A fracture mechanics energy approach combined with an 
inherent flaw size would also appear to be appropriate but as has been indicated this 
technique is difficult to apply generally to uncracked systems and ductile adhesives. There 
is an obvious need for a method of modelling crack initiation. 
To investigate the stresses in adhesive joints in the detail necessary for failure assessment 
requires the use of a two or three-dimensional numerical technique. Finite element analysis 
has been shown to be particularly suitable for these purposes. As a result of the increase in 
computation time required for three-dimensional analyses two-dimensional analys·es are · 
usually carried out. However it has been observed that the stresses do vary across the 
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width of the joint and thus it would be prudent to assess the correctness of two dimensional 
analysis before undertaking detailed work. Finally it is clear that any detailed analysis of the 
stresses in adhesive joints must include adhesive non-linearity and use a yield criterion that 
takes into account the effect of hydrostatic stress. It is also important to assess the effects of 
rate and temperature when interpreting the results. 
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3. Bulk adhesive tests 
3 .1. Introduction 
To carry out any detailed stress analysis of an adhesive joint requires material properties for 
the adhesive and the substrates. The joints used in this investigation were manufactured 
using a Permabond adhesive, E27. This is a simple two part unfilled untoughened cold 
cured epoxy. To assess the bulk behaviour of this adhesive a range of tests were carried 
out. 
Two types of specimens were used for this test programme, a flat tensile specimen and a 
four point bend specimen shown in figures 3.1 and 3.2 respectively. The tensile specimen 
was based on BS 2782 part 3; however the gripping region was enlarged to simplify the 
moulds used in manufacture. A simple rectangular section bar ( 10 mm wide by 6 mm 
deep) of length 60 mm was used for the four point bend tests. The thickness of the bar 
was chosen to keep the radius of curvature within reasonable limits. The 6 rom thickness 
produces a radius of curvature of 60 mm for a surface strain of 5% which was considered 
acceptable. 
The majority of tests were carried out using the flat tensile specimen geometry. From these 
tests elastic properties, yield and post yield behaviour were obtained at various strain rates 
and temperatures. The four point bend specimens were used to determine the ratio of 
compressive to tensile yield stress. 
The following three sections discuss specimen preparation, the tensile tests, and the four 
point bend tests respectively. The final section discusses the results obtained. 
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Figure 3.1 :- Bulk adhesive tensile specimen geometry. 
Dimensions in mm 
Figure 3.2:- Bull< adhesive four point bend specimen geometry. 
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3.2. Specimen preparation 
To produce the bulk specimens a simple mould was used. This consisted of two 12 mm 
thick aluminium face plates which are spaced 2 mm apart by steel side pieces, see figure 
3.3. The aim of this construction was to produce a similar curing regime to that experienced 
by the adhesive in the joints (i.e. a 2 mm glue line between 12 mm thick aluminium 
substrates see section 4.2). The 6 x 10 x 60 mm bars for the four point bend tests were 
cut from the parallel section of specially manufactured 6 mm thick flat tensile specimens. 
To obtain 6 mm thick tensile specimens the bulle specimen moulds were assembled using 
three side pieces on each side. 
Five bulk adhesive specimens were produced in each manufacturing batch. The procedure 
followed can be divided into four stages. These are the preparation of the adhesive, the 
preparation of the bulk moulds and the specimen casting, the curing schedule and finally 
the bonding of strain gauges if required. Each of these is discussed in tum in the following 
sub-sections. Together they provide a detailed description of the manufacture of the bulk 
specimens. 
2 
3.2.1. Preparation of the adhesive 
• The adhesive resin was heated to 40°C and held at this temperature to dissolve any 
crystals that had formed during storage 2. Once all crystals have dissolved the 
temperature was lowered to 30°C and the resin was held at this temperature until 
required. 
• The adhesive resin and hardener were weighed into a new polypropylene beaker in 
the ratio of 100 parts resin to 42 parts hardener. Typically 30g to 90g of adhesive 
are prepared at one time. The scales used give an overall accuracy of ±0.2g this 
produces a maximum error in the mix ratio of 3.4%. 
If the resin component of this adhesive system has become cold during storage it will crystallise. The 
manufacturer recomends wanning gently to resolve this problem. 
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Face plates 
Side pieces 
Figure 3.3:- Bull< adhesive tensile specimen mould. 
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• The components were mixed with a glass stirring rod for at least two minutes. 
• The mixture was then degassed under vacuum. This process removes most of the 
air trapped in the mixed adhesive. Initially the mixture foams and during this stage 
the vacuum was controlled to keep the mixture foaming gently. After a period of 
time (typically 2 minutes) the foaming subsides and at this stage the vacuum was 
removed. Care was taken not to obtain too high a vacuum, thus minimising the loss 
of low molecular weight components through evaporation. 
• The adhesive was then loaded carefully into a syringe ready for use. 
3.2.2. Preparation of moulds and casting procedure 
Refer to figure 3.3 for the construction of the mould used to produce bulk specimens. 
3 
s In preparation for the assembly of the bulk moulds the side pieces were cleaned and 
sprayed with PTFE mould release. 
• A strip of melinex3 was attached to the aluminium face plates using double sided 
adhesive tape. A blunt square edge was used to force any air bubbles, trapped 
under the melinex, out of the gauge length. 
• The melinex strips were then trimmed so that their edges were slightly inside the 
edges of the face plates. This prevented the melinex lifting when the side tape was 
applied. 
• The moulds were then assembled using four M4 screws. The edges were sealed 
with tape leaving a small region at the end of the mould open to allow filling. The 
tape used was a polyamide film with a silicone based adhesive. 
• The moulds were then stored in a clean area until required for filling. 
• The moulds were filled with adhesive prepared as described in section 3 .2.1. While 
holding the mould at approximately 45° the adhesive was injected into it from the 
Melinex is a trade name for a range of plastic films. The type used for these experiments was coted 
with silicon. 
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top. Careful control of the adhesive flow rate was maintained to minimise the 
amount of air trapped in the mould. Any air bubbles on the surface of the mould 
were then detached by tapping the mould with a hammer. In the period before the 
adhesive 11 gels II these bubbles tended to rise to the top of the specimen away from 
the gauge length. 
• Once the moulds were filled they were put into the curing oven and cured as 
described in section 3.2.3. Between initial cure and post cure the specimens were 
taken out of the moulds and any rough edges were removed with a scalpel. The 
gripping region of the specimen was cut to size and the specimens were stamped at 
both ends with specimen reference numbers. 
3 .2.3. Curing schedule for adhesive specimens 
• The specimens were cured in a fan assisted curing oven at 30°C for a minimum of 
48 hours. The temperature stability of the oven was better than ± 1 oc and the 
accuracy was typically within ±2°C. In the event of the oven door being opened the 
recovery time was typically less than 5 minutes. 
e The specimens were then removed from the oven, cleaned up as appropriate and 
then stored in a desiccator until they were post cured. This period was always 
greater than 10 days. 
• The specimens were post cured at 60°C for 6 hours and then cooled slowly to room 
temperature. This slow cooling process was achieved by turning off the heating in 
the curing oven. 
• Once cool, the specimens were stored in a desiccator for a minimum period of 14 
days. 
3.2.4. Bonding strain gauges 
• The region of the specimen on to which the strain gauge was to be bonded was 
abraded with 600 grade wet and dry silicone carbide paper wetted with a mild acidic 
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cleaning solution. The cleaning solution was supplied specifically for this purpose 
by Welwyn Strain Measurement. The surface was then wiped with a disposable 
tissue. 
• The required position of the gauge was marked with a pencil. The surface was then 
repeatedly scrubbed using a little cleaning solution on a clean cotton bud until no 
discolouring of the cotton bud was observed. 
• The residue from the cleaning solution was neutralised using a solution also 
supplied by Welwyn Strain Measurement. The surface was then given a single wipe 
with a disposable tissue to absorb the solution from the surface before being left to 
dry for a few minutes. 
• The strain gauge was removed from its packaging with a pair of tweezers and 
placed bonding side down on a clean sheet of glass. The gauge was then picked up 
on a piece of adhesive tape and positioned on the specimen. The tape with the gauge 
still attached was partly peeled away from the specimen so that the bonding surface 
of the gauge could be painted with adhesive catalyst. When the catalyst was dry a 
single drop of adhesive was applied to the specimen and the gauge was brought 
back into position. Thumb pressure was applied for one minute. The adhesive tape 
was removed. The adhesive and catalyst used were a cynoacrylate system (M-Bond 
200) supplied by Welwyn Strain Measurement. 
• Terminal tags were bonded to the specimens using silicon rubber adhesive. Lead 
wires from the gauges and signal wires to connect to the strain gauge amplifiers 
were then soldered to the terminal tags. The terminal tags were then covered with 
silicone rubber for protection. The specimens were stored in a desiccator until 
required. 
3.3. Tensile tests 
The majority of material tests carried out for this investigation used the flat tensile geometry 
shown in figure 3.1. To simplify comparison between the various test batches, a reference 
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point was defined, namely the 1 %/min constant strain rate tests carried out at room 
temperature. For any single batch of tests only one parameter was varied from this 
reference configuration. To reduce the effects of manufacturing batch variation, a set of 
specimens tested under nominally identical conditions consisted of specimens from 
different manufacturing batches. However the variations between manufacturing batches 
was found to be negligible as the results presented in this section will indicate. 
The remainder of this section has been divided into four sub-sections. The first discusses 
test apparatus and procedure. In the second and third sub-sections the results are presented 
from the tests carried out to determine the effects of strain rate and temperature respectively. 
The final sub-section presents the results of the tests to determine Poisson's ratio. 
3.3.1. Test apparatus and procedure 
Two test machines were used for the tests. The majority of tests were performed using an 
Instron 6025 servo-mechanical test machine fitted with a 100 kN load cell switched down 
to a full scale of 5 kN. From the manufacturers specification, the load accuracy is better 
than 0.5% of reading or 0.1% of full scale whichever is the greater. A universal joint was 
included in the load chain to ensure the specimen was correctly aligned and that a pure 
tensile load was applied. The strain was measured using averaging clip gauges, Instron 
model number 2650-558. These were calibrated using a bench micrometer and found to 
have an accuracy of better than 1% of their reading. The tests were controlled with the 
Instron General Purpose Tension Compression Program Release 3B. The control 
procedure removed any load induced by gripping, and balanced the clip gauges at the start 
of each test. The specimen was loaded at nominally constant strain rate until failure. To 
achieve constant strain rate the test machine used the measured strain from the 
extensometer, in a closed loop control system, to adjust the cross head speed. 
The experiments carried out to assess the effect of test temperature on the material 
behaviour were performed on an Instron 1341 fitted with a 50 kN load cell switched down 
to a full scale of 2.5 kN. The accuracy of the load readings are of a similar order to the 
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6025. The strain was measured using a single dynamic clip gauge Instron model number 
2620-602. The manufacture states that these gauges conform to BS 3846, ASTM E83 and 
ISO 9513. They also state that the linearity is better than ±0.15% of full scale deflection 
and the calibration accuracy is better than ±0.1% of full rated output. 
To obtain Poisson's ratio, strain gauge rosettes (TML Tokyo Sokki Kenkyujo Co., Ltd 
model FCA-2-11) were used. Clip gauges were mounted over the strain gauge rosette to 
provide both a verification of the measured strains and to provide feedback for strain 
control. The two gauges in the rosette were used in two independent three wire quarter 
bridges. The strain gauge amplifiers used were model SGA800 supplied by CIL 
Electronics Worthing. Comparing the outputs from the longitudinal strain gauge against 
and clip gauges showed a typical discrepancy of less than 5%. The location of the strain 
gauge rosette on the bulle tensile specimen and the contact points for the averaging clip for 
the gauges are shown in figure 3.1. 
During testing load, strain and time were recorded using a custom designed data-logging 
system. A schematic diagram of the entire test set-up is shown in figure 3.4. For some 
tests the data capture rate of 3Hz proved inadequate. In these situations the logged data was 
supplemented from data recorded on a chart recorder. 
The test procedure can be summarised as follows. 
• A specimen was removed from the desiccator and fixed in the jaws of the test 
machine. The extensometry was then attached to the specimen. 
• If strain gauges were to be used they were connected to the strain gauge amplifiers 
and balanced. 
• The test and the data-logging program were then started. 
• After failure the data-logging program was stopped and the results were stored onto 
disk. 
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Figure 3.4:- Schematic diagram of bulk adhesive tensile test apparatus. 
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Computer 
• The specimen was then removed from the test machine and stored for later reference 
Additional information, such as ambient temperature and specimen dimensions were 
measured and noted as necessary. 
3.3.2. Effect of strain rate on adhesive behaviour 
A series of tests were carried out at nominally constant strain rates. Three strain rates were 
used, 0.02%/min, 1 %/min and 50%/min. The temperature for this series of tests was not 
controlled; however, measurements showed that the room temperature over the period of 
these tests was nominally 23 ±2°C. Figure 3.5 shows the stress-strain curves obtained. In 
this figure data from individual tests are shown using different symbols. The average 
response for each strain rate is shown using a solid line. The important information from 
these tests, the modulus, the ultimate stress ( O'uts), the strain at the ultimate stress and the 
strain to failure, are summarised in table 3.1. The results from the 1 o/o/min test were used 
for comparison with other test results as discussed at the beginning of this section. 
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Figure 3.5:- Stress-strain response of E27 adhesive at various strain rates, obtained for tensile tests. 
Strain Rate Modulus O'uts Strain @ O'uts Strain@ 
(%/min) (MPa) (MPa) (%) Failure(%) 
0.02 2140 (1) 33.2 (0.0) 2.86 (0.07) 7.43 (0.70) 
1 2520 (7) 46.6 (0.5) 3.07 (0.05) 3.82 (0.34) 
50 2580 (46) 59.3 (1.0) 3.43 (0.28) 3.78 (0.76) 
Table 3.1:- Summary of the behaviour of E27 at various strain rates. 
8 
The following notes are relevant to the above table and subsequent tables in this chapter: (i) 
the first set of values given are the means of the test batches, the second, bracketed, values 
are the standard deviations. (ii) the moduli quoted are secant moduli at 1% strain although 
in fact in this region E27 is reasonably linear. (iii) all stresses quoted are engineering 
stresses. Engineering stresses have been used to enable direct comparison with finite 
element analysis. 
3.3.3. Assessment of bulk behaviour as a function of temperature 
The test temperature for the majority of tests (all those carried out on the Instron 6025) 
could not be controlled. For this reason it was necessary to determine the sensitivity of the 
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behaviour of E27 to the test temperature. A number of tests were carried out at two test 
temperatures, 15°C and 25°C. As described in section 3.3.1 these tests were performed 
using an Instron 1341. This machine was kept in a temperature controlled environment. By 
changing the air conditioning settings the required temperature could be achieved. The tests 
were carried out in strain control using a strain rate of 1 %/min. Figure 3.6 shows the 
stress-strain cures obtained compared with the reference results from section 3.3.2 .. In this 
figure the individual tests are shown using different symbols. The average response for 
each temperature is shown using a solid line and the comparative results are shown using a 
broken line. The important information from these tests is surrunarised in Table 3 .2. 
Temperature (°C) Modulus O"uts Strain @ O"uts Strain @ failure 
(MPa) (MPa) (%) (%) 
15 2680 (104) 52.5 (0.5) 3.18 (0.07) 3.31 (0.02) 
25 2500 (50) 45.0 (0.1) 2.85 (0.13) 3.65 (0.02) 
Table 3.2:- Summary of the behaviour of E27 at various temperatures. 
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Figure 3.6:- Stress-strain response of E27 adhesive at various temperatures, obtained from tensile tests. 
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3.3.4. Determination of Poisson's ratio 
To determine the Poisson's ratio for E27, strain gauge rosettes were used as described in 
section 3.3 .1. The test procedure was nominally identical to a 1 %/min constant strain rate 
test (section 3.3.2.). Figure 3.7 shows the stress-strain curves obtained compared with the 
reference results from section 3.3.2. Figure 3.8 shoWs the measured Poisson's ratio as a 
function of longitudinal strain. The important information from these tests is summarised in 
Table 3.3. 
Modulus (MPa) Poisson's ratio 
2552 (28.3) 0.395 (0.003) 
Table 3.3:- Summary of the E27 Poisson's ratio tests. 
3 .4. Four point bend tests 
The four point bend test was developed as a simple method to determine the ratio of 
compressive to tensile yield stress which is required for modified Von Mises yield criteria 
(see section 2.2.2). When a bending moment is applied to a beam, part of the beam goes 
into compression while the remainder goes into tension. If the stresses and strains across 
the beam can be determined, both the compressive and tensile behaviour of the material can 
be obtained in one test. It is this basic concept that is employed in these tests. The 
remainder of this section has been divided into four sub-sections. The first develops the 
theory required to process the raw test results. The second discusses the test apparatus and 
procedure. The third discusses the processing of the raw data. The final sub-section 
presents the results from the tests. 
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Figure 3.7:- Comparison of the stress-strain response for E27 bulk adhesive tensile tests with and without 
Poisson's ratio gauges. 
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Figure 3.8:- Variation in Poisson's ratio with longitudinal strain for E27 adhesive, obtained from tensile tests. 
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3.4.1. Theory for reconstruction of uniaxial stress-strain curves from four point bend 
tests 
The tensile and compressive stress-strain behaviour of an adhesive can be determined from 
the response of an appropriately strain gauged four point bend specimen. The starting point 
for the analysis is the way in which the moment and tensile load applied to the specimen 
relates to the distribution of longitudinal stress through the thickness of the specimen. The 
form of these relationships are as follows 
M 
T 
where 
M 
T 
t 
y 
£ 
cr(e) 
= J ycr(e) dy 
t 
= J cr(e) dy 
t 
is the applied moment over the centre span of the beam 
is the applied tension, equal to zero 
is the thickness of the specimen 
is the distance from the neutral axis 
is the strain at distance y 
is the uniaxial stress at a strain of c 
... 3.1 
... 3.2 
It should be noted that, in general, the tensile and compressive stress-strain curves will not 
be the same. Thus considering the tensile and compressive stress-strain behaviour 
separately equations 3.1 and 3.2 can be rewritten in terms of integrals over the portions of 
the thickness that are subject to tensile and compressive stresses respectively. 
M = J ycrt(e) dy 
tt 
+ J ycrc(c) dy 
tc 
... 3.3 
T = J crt(£) dy 
tt 
+ J crc(c) dy 
tc 
... 3.4 
where 
crt is the uniaxial stress-strain behaviour in tension 
O'c is the uniaxial stress-strain behaviour in compression 
tt,tc are the thickness of the specimen in tension and compression respectively 
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I ｾ＠ cti-1 
----- ｾＭＭＭ
Figure 3.9:- Stress distribution across a beam in pure bending. 
Since the specimen is in pure bending the strain (e) varies linearly across the section and 
can be written in term of the surface strains Et and Ec (which are measured experimentally) 
as 
= ... 3.5 
where 
Et, Ec are the tensile and compressive surface strains respectively 
To reconstruct the stress-strain behaviour from the response of the test specimen it is 
necessary to relate the variation of surface strain with the change in applied moment. It is 
possible to do this by dividing the application of load to the specimen into a number of 
increments and considering the resultant change in the stresses and strains across the 
specimen. It can be shown that if the uniaxial stress is a function of strain only, then the 
moment carried by a strip with fixed surface strains is simply proportional to the square of 
the thickness of the strip. Using this information and considering the four point bend 
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specimen at loading increment i, shown in figure 3.9, the moment (Mu) carried by the two 
regions of undefined material behaviour ( ffiti and ffici) is of the form given below. 
Mu = M . M· [!Ql2 1 - 1-1 t J ... 3.6 
Similarly the tension carried by the region of undefined material behaviour can be shown to 
be 
... 3.7 
The moments and tension carried by the regions of undefined material behaviour can also 
be expressed in terms of the stress integrals (equations 3.3 and 3.4). If, as a first 
approximation, the undefined stress-strain behaviour is assumed to be linear, these 
equations can be integrated over the outer part of the section, i.e. across ffiti and ffici, to give 
the equations below. 
where 
= crti-IOOti. [Yn -
00
Ii] + Ccrti + crti-I) ｾｴｩ＠ . [Yn - ro;i] 
+ crci-Iffici. [t -Yn - 00:2i] + (crci + crci-I) 00:t . [t -Yn - ｲｯｾｩ｝Ｎ＠ .. 3.8 
= 
( 0' ti + 0' ti -1) ( 0' ci + 0' ci -1) 
2 ffiti + 2 ffici ... 3.9 
y n is the distance from the surface in tension to the neutral axis 
ffiti,ffici are the widths of the tensile and compressive regions with previously 
ffiti 
undefined material behaviour 
= 
= 
t ＭＭＭＮｨｾｴｩＭｅｴｩＭＱＱ＠
(eti-eci) 
t 
---.IEci-Eci-11 
(eti-Eci) 
... 3.10 
... 3.11 
Combining and rearranging equations 3.6, 3.7, 3.8 and 3.9 yield the following two 
equations expressing the moment and tensile force carried by the specimen in incremental 
form. 
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= [ COti+COci]2 [fu COti] [!::Yn COci] Mi-l 1- t + O"ti-1 COti 2 -3 -crci-1 COci 2 -3 
... 3.12 
= ... 3.13 
Noting that the tensile force carried by the specimen is zero, the above equations can be 
solved for O"ti and O"ci to provide the pair of equations below. 
2 
= 
[ COti+COciJ2 [t co ti roc i] ro ci Mi- Mi-l 1- t + O"ti-ICOti 2- 3- 6 - O"ci-16 
------------------------ ... 3.14 
Olti [ _ Olti+Olci] 
2 t 3 
= ... 3.15 
The values of the surface tensile and compressive stresses that correspond to the surface 
strains measured during a given load increment are determined by using equations 3.10, 
3.11, 3.14 and 3.15 above. This process can be repeated for all the increments of loading, 
giving full tensile and compressive stress-strain data. Using these two curves the yield 
stress ratio (S) can be determined as a function of a hardening parameter k. This is 
generally calculated assuming either strain hardening or work hardening. From the results 
available k and thus S can be determined for either form of hardening. 
For plastic flow governed by strain hardening, the hardening parameter can be defined in 
terms of the stresses and elastic tensile modulus (E) as 
k = = e-cr/E ... 3.16 
For work hardening the parameter can be defined as 
k ｾ＠ Jcrdep 
... 3.17 
this can be written in incremental form as 
= k 
cr(ei)+cr(Ei-1) ( ) 
i-1 + 2 Epi-Epi-1 ... 3.18 
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By determining k at each value of£ the stress-strain curves can be converted into stress-k 
curves. These curves can then be used to find the compressive and tensile stresses at a 
given value of k. Dividing the compressive stress by the tensile stress gives the ratioS for 
that value of k i.e. 
S(k) = ... 3.19 
3.4.2. Test apparatus and procedure 
The four point bend tests were performed using the Instron 6025. A 100 kN load cell was 
used switched down to a full scale of 1 kN. From the manufacturers specification this gives 
a load accuracy of better than 0.5% of reading or 0.1% of full scale, whichever is the 
greater. Pure bending over the gauge length of the specimen was applied using a four point 
bend rig, see figure 3.10. The specimen is initially supported on outer anvils that are fixed 
to the moving cross-head of the test machine. The load is applied to the specimen by 
driving the cross-head upwards at a given speed, thus bringing the specimen into contact 
with the fixed inner anvils. These are located directly onto the load cell which outputs an 
instantaneous value of the load. From this load the moment applied over the inner section 
of the strip can be found. For these tests the cross-head speed was held constant at 
0.1 mrnlmin. The surface strains that were required to implement the incremental analysis 
were measured using strain gauges bonded to the upper and lower surfaces of the inner 
span of the bar. Each of the two gauges on the specimen were used in independent three 
wire quarter bridges. During the test the surface strains and the applied load were recorded 
using a custom designed data-logging program. A schematic diagram of the test apparatus 
is shown in figure 3 .11. 
The test procedure was as follows 
• A specimen was removed from the desiccator and mounted in the four point bend 
test rig. 
• The strain gauges were connected to the strain gauge amplifiers and balanced. 
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Figure 3.1 0:- Bulk adhesive four point bend test rig. 
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Computer 
Figure 3.11 :- Schematic diagram of bulk adhesive four point bend test apparatus. 
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• The test and data-logging program were then started. 
• When the surface strains reached 5% (the limit of the strain measurements), the test 
and the data-logging program were stopped. The results were then stored on disk. 
• The specimen was removed from the test machine and stored for later reference 
The test temperature and specimen dimensions were measured and noted along with any 
variation in the test procedure. 
3.4.3. Processing method for raw test data 
The tests were carried out according to the procedure specified in the previous section and 
the load and surface strains were recorded. These were then processed in the following 
manner: 
• The recorded force data was converted into moment loading. At this stage a 
correction was introduced that accounts for the rotation of the specimen around the 
semi-circular anvils which produces a reduction in the moment arm. The moment 
per unit width (M) can be expressed in terms of the cross-head ､ｩｳｰｬ｡｣･ｭ･ｮｴＨｾＩＬ＠
the horizontal separation (D) of the inner and outer anvils, the radius (R) of the 
anvil, the specimen width and thickness (Wand t) and the applied load (F), see 
figure 3.12. The form of the expression is given below . 
M = .£_ [(n ＲｒｾＩ＠ ｾＨ＠ ｾＩ｝＠2W - D - D t- ... 3.20 
• The data points were then divided into groups of forty and average moment and 
strain data were obtained for each group. This produces a smoothed set of data for 
use in reconstitution of the stress-strain curves. This is particularly important as the 
analysis technique is very sensitive to noise in the data. If it is too noisy then the 
resultant stress-strain curves oscillate about the true values. 
• The widths of the regions that were subject to tensile and compressive stresses were 
then found using equations 3.10 and 3 .11. 
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• Equations 3.14 and 3.15 were used to find a solution for the first averaged data set. 
In this first increment all the values for the previous increment were taken as zero. 
This produces an elastic solution (with different moduli in tension and compression 
if the surface strains are different). Solution of these equations gives the surface 
stresses corresponding to the measured surface strains. 
• Equations 3.10, 3.11, 3.14 and 3.15 were solved again for the next averaged data 
set. This process was repeated for all data sets and in this manner a piecewise 
linear approximation to the tensile and compressive stress-strain curves was found. 
• Having evaluated the tensile and compressive stresses at each increment of loading 
it is then possible to use equations 3.16 and 3.18 to evaluate the corresponding 
hardening parameters. Linear interpolation can then be used to find the compressive 
and tensile stresses at the same hardening parameter and the ratio of these stresses 
(S). 
D 
D-2RLVD 
t-L\ 
Figure 3.12:- Effect of four point bend specimen rotation on the applied moment. 
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3.4.4. Results 
A number of four point bend tests were carried out. Figure 3.13 shows a selection of the 
raw data obtained from a typical test. These results were then processed, .as described in the 
previous section, giving the stress-strain curves shown in figure 3.14. From these curves 
the ratio of compressive to tensile yield stresses (S) was determined as the material 
hardened. Figures 3.15 and 3.16 show the results obtained assuming strain and work 
hardening respectively. It should be noted that the value of S in both cases fluctuates 
around 1.2. The important information from these tests is summarised in Table 3.4. For 
each test the surface tensile strain rate was determined. This was found to vary from 
0.1 %/min to 0.25o/o/min over the test duration. 
Mode of Loading Modulus O'uts Strain @ Outs 
(MPa) (MPa) (%) 
Tension 2960 (150) 44.0 (1.0) 2.62 (0.13) 
Compression 3050 (70) 53.0 (0.3) 3.91 (0.12) 
Table 3.4:- Summary of the tensile and compressive behaviour of E27 determined from four point bend tests. 
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Figure 3.13:- Selection of raw data points from a typical E27 adhesive four point bend test. 
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Figure 3.14:- Tensile and compressive stress-strain curves for E27 adhesive determined from four point bend 
tests. 
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Figure 3.15:- Ratio (S) of yield stress in compression to yield stress in tension as a function of tensile plastic 
strain assuming strain hardening. 
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Figure 3.16:- Ratio (S) of yield stress in compression to yield stress in tension as a function of tensile plastic 
strain assuming work hardening. 
3.5. Discussion 
3.5.1. Empirical model for stress-strain behaviour from tensile test results 
It is appreciated that the adhesive in the constrained state within an adhesive joint will 
sustain significantly higher levels of local strain than could be obtained with either tensile 
tests or bend tests. Nevertheless these forms of material testing were considered to provide 
a good starting point for obtaining relevant adhesive property data. 
The test results for E27 conform to the typical behaviour of unmodified epoxies. Table 3.5 
overleaf compares some basic properties of E27 with a similar adhesive A Yl 03/HY956 
(Adams 1981). 
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Strain Rate Modulus cruts Poisson's ratio Strain@ 
(%/min) (MPa) (MPa) Failure(%) 
E27 (@ 1 %/min) 2520 46.6 0.395 3.8 
AY103/HY956 2800 65 0.4 5 
Table 3.5:- Comparison of the behaviour of E27 with AY103/HY956. 
The results of the tests at various strain rates (section 3.3.2) show that the modulus 
changes very little with test rate whereas the values of cruts varies significantly. The 
variation of cruts with strain rate(£) can be described by the relation given below. 
cruts = A log(£) + B ...3.20 
Assuming a constant Young's modulus, a logarithmic variation of cruts with £, a linear 
variation of the strain at cruts (cuts) with cruts and noting that the apparent departure from 
linearity appears to occur at a constant stress below cruts, a simple empirical model for the 
material behaviour was developed (see figure 3.17) as outlined below. Three points were 
used to define the empirical stress-strain curve: the yield point, cruts and an intermediate 
point. Equation 3.20 defines cruts; with A=7.9 and B=46.6 (cruts for 1 %/min strain rate). 
The strain at cruts is defined using a linear relationship 
Euts = Acruts + B ... 3.21 
with A=0.032 and B=l.65. The yield stress (cryieid) can then be expressed in terms of cruts 
O"yield = O"uts - C ... 3.22 
with C= 18. Since O'yield defines the end of the linear region £yield can be determined by 
using the elastic modulus. 
Eyield = 
O'yield 
E ... 3.23 
The value of E used was 2500 MPa. The intermediate point defines the shape of the 
stress-strain curve between yield and cruts and is defined using a simple ratio of the stresses 
and strains at yield and cruts· 
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Figure 3.17:- Empirical model of the rate dependent stress-strain response of E27 adhesive. 
= 
= 
<Jyield + C( <Jyield + <Juts) 
Eyield + Euts 
2 
... 3.24 
... 3.25 
A suitable value for C was found to be 0.82. After <Juts is reached the material is assumed 
to deform at constant stress until failure. 
The tests carried out at various temperatures (section 3.3.3) indicate that there is a 
considerable change in properties for a relatively small change in temperature. A 16.7% 
increase in <Juts is noted as the temperature is reduced by l0°C from 25°C (a reduction of 
3.3% on an absolute scale). 
The tests to determine Poisson's ratio discussed in section 3.3.4 were identical to the 
1 %/min room temperature tests (section 3.3.2) except that strain gauges were bonded in the 
gauge length. However, problems were encountered with premature failure of the 
specimens. It was thought that this was due to cracks initiating in the brittle cyanoacrylate 
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adhesive used to bond the strain gauges to the specimens. Since the only information 
required from these tests was the elastic Poisson's ratio, enough data was obtained despite 
this premature failure. The results from these tests compare well with the 1 %/min tests at 
room temperature (see figure 3.8) which again establishes confidence in the results. 
The test rate and temperature dependence of E27 suggest that yield and subsequent 
deformation may be predicted using a viscous flow model as developed by Eyring ( 1936) 
which produces a logarithmic dependence of yield stress on strain rate. However it is 
obviously insufficient in these circumstances as it cannot model a greater than linear 
variation of yield stress with temperature (see equation 2.2). An alternative may be the 
model that was developed by Robertson ( 1966) and later modified to include the effects of 
the hydrostatic component of stress (ref. Ward 1971), see section 2.2.3. The relative 
complexity of this model prevents its implementation in this investigation. Instead it is 
suggested that the modified Von Mises yield criteria (Raghava et al 1973) could be used 
with material behaviour defined as a function of rate, providing that the test temperature 
remains reasonably stable. 
3.5.2. Comparison of four point bend tests and tensile tests 
It is well established that epoxies, like a number of other polymers, behave differently in 
tension and compression (Ward 1971). This can be attributed to the dependence of the yield 
and flow behaviour on the level of hydrostatic stress. ｔｾ･＠ four point bend tests were 
carried out to determine S, the ratio of the yield stress in compression to the yield stress in 
tension, which is required for hydrostatic stress sensitive yield criteria. This form of test 
has a number of advantages; the geometry is simple and the test is flaw tolerant. Also, 
since the predicted compressive and tensile stress-strain curves are likely to have similar 
errors, the error in S will be small. The analysis of the raw test results does have one 
serious limitation: it assumes that the material is not sensitive to test rate. The strain rate 
across the specimen varies but the analysis does not take into account any associated 
variation in the material's stress-strain behaviour. This results in errors in the stress-strain 
curve obtained. A comparison of the stress-strain curves from the four point bend test with 
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those obtained from the tensile tests is shown in figure 3.18. It can be seen that data are in 
close agreement so the errors incurred in the analysis of the four point bend raw test data 
are not as large as might have been anticipated. This can be attributed to two factors. Firstly 
the variation in strain rate across the four point bend specimen is linear whereas the 
dependence of material properties ( <ryield and <ruts) on strain rate are logarithmic. Secondly 
the behaviour of the material on the surface of the four point bend specimen dominates the 
moment integral in the analysis (see equation 3.3) and over this small band of material there 
is very little variation in strain rate. The stress-strain curves obtained from the four point 
bend tests are accurate enough for most engineering analyses and this form of test may 
provide a convenient method of obtaining complete material properties for a range of 
adhesives, especially those thought of as 'brittle'. 
The value S obtained from the four point bend test assuming both strain and work 
hardening (figures 3.15 and 3.16) is fairly constant and fluctuates around a value of 1.2. 
This compares favourably with values reported by other researchers, 1.3 from Harris and 
Adams (1984) and 1.4 from Gali et al (1981). The higher value of S obtained by Gali et al 
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Figure 3.18:- Comparison of stress-strain response obtained from four point bend and tensile test 
stress-strain. 
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( 1981) may be attributed to different calculation method used, in which values of 
compressive and tensile stresses were compared at similar secant moduli rather than at 
similar values of a hardening parameter. 
3.5.3. Concluding remarks 
The stress-strain behaviour of E27 has been shown to be sensitive to rate, temperature and 
hydrostatic pressure. However its behaviour is not untypical of an adhesive of this type. 
Sufficient data has been obtained to determine an empirical model which can be used in 
both linear and non-linear stress analysis of joints bonded with this system. It has also been 
shown that a four point bend geometry can provide high quality tensile and compressive 
stress-strain data from a single test. 
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4. Adhesive joint tests 
4.1. Introduction 
This chapter describes the experimental test programme to study aluminium/epoxy joints 
containing a point of singularity on the adhesive-substrate interface. The singularity was 
produced either by the sharp terminus of the adhesive layer (see section 2.4.2) or by an 
interfacial crack. The length of the interfacial cracks ranged from nominally zero to a length 
sufficiently long to ensure that failure would be characterised by fracture mechanics. It was 
anticipated that for very small crack lengths the failure load would tend to that of the 
uncracked configuration (containing a hi-material singularity). Specimens were tested under 
mode 1 and mixed mode loading. The mode I component of the mixed mode tests was kept 
high to ensure that contact zones at the crack tip could be neglected (see section 2.4.3). The 
failure load versus crack length results from these test should therefore provide reasonable 
data to assess the applicability of criteria suitable for predicting failure in both cracked and 
uncracked hi-material systems. 
The following five sections review in detail the various aspects of the joint test programme. 
The first section describes the joint geometry. The second and third sections deal with the 
joint manufacturing method and the test apparatus and procedure. The fourth section 
presents the results obtained and the final section discusses these results and draws together 
the main conclusions. 
4.2. Joint geometry 
The specimen geometry used for this test programme is shown in figure 4.1. When 
required, the interface cracks were created at the front of the joint between the upper 
substrate and the adhesive layer. The specimen is based loosely on an ASTM cleavage 
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specimen. The substrates were manufactured from aerospace grade aluminium specification 
2014-T6. The use of thick substrates with such a high yield stress aluminium ensures the 
behaviour of the substrate is linear elastic. Holes were placed at both the front and rear of 
the substrates. These holes were used both to align the substrates in the jig during 
manufacture and to fix/locate and load the specimen during testing. The front of the upper 
substrate of the specimen was extended to allow extensometry to be attached and a hole 
was machined through its thickness to allow mode I displacements to be measured. 
Although the substrates are of a complex shape and employ quite high tolerances, their 
design suits medium volume production (batches of 100-200) using the CNC machinery 
that exists within the department. This was an important consideration when developing the 
specimen geometry. 
The adhesive used was Permabond E27, a simple two part, unfilled, untoughened, cold-
cure epoxy. It was decided to use an adhesive layer thickness of 2 mm. Such a thick 
adhesive layer is not representative of typical joints. However, it does have three important 
advantages (i) it enables the adhesive end geometry to be defined more precisely, (ii) it 
results in larger adherend displacements (than with thinner adhesive layer) which can be 
measured with greater accuracy, and (iii) it simplifies greatly the mesh refinement required 
in the finite element models used for analysis. 
During testing the lower substrate of the specimen is held at a constant angle using the two 
locating holes. The fixing used ensured that the loads applied to the specimen were 
statically determinant. The specimen is loaded using a pin through the hole at the front of 
the upper substrate. Figure 4.2 shows the resultant loads on the specimen for an arbitrary 
mounting angle. 
66 
Chapter 4:- Adhesive joint tests 
Figure 4.1 :- Cleavage-type joint specimen geometry. 
Rn = Fx (16 + 2r cos a.)- Fy 2r sin a. 
29- r sin a. 
Figure 4.2:- Load and reactions for arbitrary loading of joint specimens. 
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4.3. Joint manufacture 
The thick adhesive layer chosen combined with the low viscosity of the adhesive (1000 cP) 
enabled a manufacturing procedure to be used in which the epoxy layer was cast between 
the two substrates. This produces a dimensionally accurate adhesive layer, generally 
without voids. To obtain a well defined end geometry, the bonded region of uncracked 
specimens and specimens containing small cracks (less than 1 mm) were machined after 
casting (see figure 4.3). It was felt unnecessary to machine specimens with longer crack 
lengths as the point of failure would be far enough away from the end of the bonded region 
to make the effect of any small variations in geometry negligible. The machining of 
specimens containing small cracks had the added advantage of shortening the crack length. 
This made it possible to produce specimens with crack lengths less than 0.5 mm long 
which would have been difficult to produce otherwise. The specimens that were to be 
machined after casting were manufactured with a 1 mm longer bonded region. Once this 
extra length was removed the machined and non-machined ·specimens had nominally the 
same geometry, see figure 4.1. 
The procedure for manufacturing joint specimens can be divided into several distinct stages 
(i) the surface pre-treatment of the substrates, (ii) the preparation of the adhesive (iii) 
casting of the specimens, (iv) the curing of the specimens, and (v) the machining of the 
specimens (when appropriate). The following three sub-sections give a detailed account of 
the procedures for substrate surface pre-treatment, the casting of the specimens and the 
machining of the specimens. The procedures for the adhesive preparation and curing are as 
given for the bulk adhesive in sections 3 .2.1. and 3 .2.3. respectively. 
4.3 .1. Substrate surface pre-treatment 
• The bonding surfaces of the substrates were abraded with dry 600 grade silicon 
carbide paper to produce a consistent morphology. The substrates were then placed 
on an aluminium rack and ultrasonically cleaned in a 5% detergent solution at 
approximately 75oC for 30 minutes. The substrates, on the rack, were washed 
under running (tap) water and then rinsed in distilled water. They were kept in 
distilled water until required for etching (typically after less than five minutes). 
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Figure 4.3:- Region of joint specimens machined after casting. 
4 
" The chromic acid pickle4 was poured into an insulated 5 litre breaker and distilled 
water was added, to compensate for evaporation, bringing the total volume up to 2 
litres. 
• The pickle was then heated to 62.5 ± 2.5°C. The temperature was controlled using a 
thermistor on the outside of the beaker which was connected to the hot plate. The 
solution was stirred with a PTFE encased magnetic bar driven by a magnetic stirrer. 
• The substrates, still on the rack, were etched in the solution of chromic acid for 30 
minutes. During this period the stirrer was used to circulate the etching solution 
around the substrates. The etching was followed by immediate washing in running 
(tap) water and rinsing in distilled water. The substrates were removed from the 
rack, dried using a compressed nitrogen supply and stored in a desiccator to dry 
further for at least 1 hour. At no stage after ultrasonic cleaning were the bonding 
surfaces touched by hand. 
UK Ministry of defence specification DTD 915B. 
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4.3.2. Casting procedure 
• For cracked geometries PTFE tape was used to provide the starter crack. A 
substrate was removed from the desiccator and placed with bonding surface 
upwards on the work surface, and a piece of PTFE tape of the required width5 was 
laid over the specimen such that approximately 1 mm extended over the front of the 
bonding surface. The tape was stretched slightly and pushed into the surface with a 
clean glass rod. This compacted the filaments and keyed the tape to the interface. To 
avoid damaging the interface in the critical region around the end of the tape the 
glass rod was rolled across the width of the interface resting on the tape and the rear 
of the interface (see figure 4.4). This resulted in slight damage at the rear of the 
interface but this was not a problem since this region sustains relatively low stresses 
during testing. Excess tape was trimmed from the edges of the substrates with a 
scalpel. The substrates were then returned to the desiccator. When all the substrates 
were ready they were taken to a shadow graph so that the exact length of the crack 
initiators could be measured. 
• A pair of prepared substrates (one with PTFE tape if appropriate) were placed on a 
jig to achieve a gap between the substrates of approximately 2 mm. Self adhesive 
tape6 was wrapped around the substrates completely sealing the space between 
them except for a filling hole (see figure 4.5). The specimen was taken off the jig 
and spacers were placed in the recesses between the substrates. The specimen was 
then clamped with five others. When all the specimens in a batch were completed 
small lengths of tubing approximately 10 mm in diameter and 6-8 mm long were 
The required width was Jmm greater than the intended final crack length if the specimen was not to be 
machined or 2mm longer if the specimen was to be machined. 
The tape was constructed using 6mm wide glass fibre tape with a silicon based contact adhesive. On 
top of this was bonded a strip of 2.5mm wide PTFE tape. This prevented the epoxy coming into direct 
contact with the silicon adhesive and also provided a better seal. 
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bonded (with a non-aggressive silicon 1ubber) over this opening to form risers for 
the epoxy during casting (see figure 4.6). The clamped specimens were then stored 
in a desiccator until required. 
• A syringe of adhesive (prepared as described in section 3.2.1) was fitted with a 
11 G hypodermic needle shortened to a length of 20 mm. The hypodermic needle 
was inserted into the specimen to be filled and adhesive was injected until the riser 
was full. During filling the specimens were kept tilted slightly so that the air in the 
specimen was forced to the back and out of the riser (see figure 4.7). 
• Once all of the specimens were filled they were put in the curing oven and cured as 
described in 3.2.3. Between initial cure and post-cure the specimens were removed 
from the clamps, the risers were cut off, the sealing tape was pulled away and the 
specimens were machined if necessary (see section 4.3.3). 
Side view showing the small contact regions 
between the glass rod and the specimen 
Figure 4.4:- Application of an interface crack initiator on the upper substrate of a joint specimen. 
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Pins to obtain required adherend separation 
Substrates 
Figure 4.5:- Application of sealing tape to a prepared pair of substrates in preparation for adhesive casting of 
joint specimens. 
Clam 
Riser 
acers to ensure correct substrate 
Figure 4.6:- Application of risers to sealed pairs of substrates in preparation for adhesive casting of joint 
specimens. 
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Figure 4.7:- Adhesive casting of joint specimens. 
4.3.3. Machining procedure 
• Specimens that required machining were taken to the workshop in a desiccator, 
where each specimen in tum was removed from the desiccator, machined, then 
returned to the desiccator. During machining the specimens were clamped with 
reasonable force such that the adhesive layer was kept in compression. This 
prevents crack initiation or propagation during the machining process. Cooling 
fluids were not used so it was therefore necessary to use a slow cutting speed to 
limit the heat induced in the specimens. 
4.4. Test apparatus and procedure 
The test apparatus used to locate and load the joints is shown in figure 4.8. The specimen 
carrier was designed to hold the joint at various angles using the two holes in the lower 
substrate. The front hole in the upper substrate is connected to the loading fork with a 
tapered pin, which when adjusted compensates for small errors in apparatus and substrate 
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alignment as shown in figure 4.9. Five loading variations can be obtained corresponding to 
specimen angles of 0, 22.5, 45, 67.5 and 90 degrees. The two modes of loading, mode I 
and mixed mode, used for this test program correspond to test angles of 0 and 45 degrees 
respectively. Two L VDTs (shown in figure 4.10) were used to measure relative mode I and 
mode II substrate displacements. To facilitate the mode I measurements a small hole was 
located in the upper substrate through which a probe ran contacting on the lower substrate. 
0 
SPECIMEN CARRIER 
Figure 4.8:- Joint specimen test rig. 
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SIDE VIEW 
FRONT VIEW (SECTIONED) 
Figure 4.9:- Compensation for upper and lower substrate misalignment in joint specimens. 
Line of action of mode I LVDT .--------.------..,...---. 
Line of action of mode II LVDT 
Mode I LVDT 
Figure 4.10:- Extensometry used for joint testing. 
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forward to zero the LVDT coarsely 
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0 NOT TO SCALE 
Test machine 
controller 
LVDT 
amplifiers 
Figure 4.11 :- Schematic diagram of joint test apparatus. 
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Computer 
The tests were performed using an Instron 6025 servo-mechanical test machine fitted with a 
5 kN load cell. From the manufacturers specification the load accuracy is better than 0.5% 
of reading or 0.1% of full scale, whichever is the greater. A flexible coupling was used 
between the loading fork and the load cell to ensure that a true uniaxial load was applied. 
The tests were carried out in displacement control at 0.05 rnrnlmin using the lnstron 
General Purpose Tension Compression Program Release 3B. The L VDTs had a full scale 
reading of 1 mm with a stated linearity of 0.1 %. The signals from the LVDTs were 
processed using dataspan 2021 L VDT amplifiers. Both the L VDTs and the signal 
conditioners were supplied by RDP Electronics Ltd .. The final component of the test 
apparatus was a data-logging system based on an Apple Macintosh SE with a National 
Instruments Lab-SE card running a Lab View program. The system was designed 
specifically for this research and enabled test data to be monitored and stored in an easily 
processed form. Load, time and adherend displacements were recorded using this 
equipment. A schematic diagram of the complete test set-up is shown in figure 4.11. 
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The procedure used when carrying out a test was similar to that used for bulk tests. 
• A specimen was removed from the desiccator, the L VDTs were fitted to the upper 
adherend and then zeroed coarsely using the adjuster screws. 
• The specimen, with extensometry, was mounted in the specimen carrier using two 
straight pins. The crosshead was then raised to align the loading fork with the 
specimen and the taper pin was put in place. 
• The slack was taken out of the loading train. The specimen, loading fork and 
tapered pin were adjusted to provide good alignment with the specimen carrier. 
• The data-logger was set to record and the test was started. When the specimen had 
failed the test was stopped and the test data was stored on disk. 
• The specimen was removed from the carrier, and examined to determine the site of 
failure initiation. It was then returned to the desiccator. 
• Further inspection was carried out using a shadow graph. This enabled the crack 
length to be remeasured and a more accurate estimate of the site of failure initiation 
to be obtained. 
Additional information such as test temperature and specimen dimensions were measured 
and noted as necessary. 
Similar to the majority of bulk adhesive tests the joint tests were carried out in an area in 
which test temperature could not be controlled. The measured ambient temperatures during 
the joint tests ranged from 23.7°C to 25.8°C. 
4.5. Results 
The tests carried out were of two basic types, mode I tests and mixed mode tests. Within 
each group a range of interfacial crack lengths were tested. These were typically 12 
uncracked specimens, 12 with 'short' cracks, 0-1 mm, and 12 with 'long' cracks 1-
3 mm. Each manufacturing batch consisting of 12 specimens, two of each specimen class 
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i.e. two uncracked mode I, two uncracked mixed mode, two short cracked mode I etc .. 
This made it possible to assess batch to batch variations. For each test the load and the 
relative adherend displacement (from the LVDTs) were recorded as a function of time. 
Typical load-time and load-total displacement? curves are shown in figures 4.12 and 4.13 
for the mode I and mixed mode uncracked specimens respectively. From the data, load at 
failure and the average loading rate, calculated by fitting a straight line to the load-time data, 
were determined for each specimen. These results are shown plotted against crack length in 
figures 4.14 to 4.17. To simplify comparison, the results from mode I and mixed mode 
specimens have been separated. 
The load-displacement results were processed to provide more useful data. The compliance 
was calculated from total displacement of the two adherends (measured by the LVDTs) 
over the region 25% to 75% of failure load. Also calculated was the ratio of the mode II 
and mode I displacements at the start of loading. Values are shown in table 4.1 for 
uncracked specimens under both modes of loading along with their average failure loads. 
Mode of Loading Failure load Eff. compliance Displacement Ratio 
(N) (nrn/N) 
Model 1436 (188) 16.5 (2.1) 0.238 (0.028) 
Mixed mode 2269 (246) 10.5 (1.2) 1.038 (0.179) 
Table 4.1:- Summary of tests results for uncracked joint specimens. 
It should be note that in the above table, and the rest of the tables in this chapter, the first 
values given are the average data over the test batch. While the second, bracketed, values 
are the standard deviations. 
7 Total displacement = ｾｩｦ＠ +ciJJ. 
Where dJ and du are the mode I and mode II displacements respectively 
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Figure 4.12:- Typical response of an uncracked mode I joint specimen. 
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Figure 4.13:- Typical response of an uncracked mixed mode joint specimen. 
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Figure 4.14:- Mode I joint specimen failure loads as a function of crack length. 
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Figure 4.15:- Mixed mode joint specimen failure loads as a function of·crack length. 
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Figure 4.16:- Mode I joint specimen test rates as a function of crack length. 
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Figure 4.17:- Mixed Mode joint specimen test rates as a function of cracl<: length. 
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From inspection of the failure surfaces it was possible to estimate the site of failure 
initiation quite accurately for around half of the specimens. Figure 4.18 shows some typical 
failure surfaces. When there is only a small region of interfacial failure as in figure 4.18 
(a), the site of initiation is indicated clearly. However, many specimens had failure surfaces 
with a large region of interfacial failure as typified by figure 4.18 (b). Closer inspection of 
the interface indicated that there was a change in the reflectivity of the surfaces of some of 
these specimens (presumably associated with some slight change in the failure process), 
which could be used ｾｯ＠ make an improved estimate of the site of initiation. Some specimens 
showed two distinct failure initiation sites indicated by two regions of interfacial failure as 
for the specimens shown figure 4.18 (c). To determine the preferred region of initiation for 
each mode of loading histograms were plotted from the available data. The results are 
shown in figures 4.19 and 4.20. Specimens with two clear initiation sites were counted 
twice, once for each location. It should be noted that of the 72 specimens tested as part of 
this program the site of initiation was determined in 42. 
a) b) c) 
Figure 4.18:- Example failure surfaces for joint specimens. 
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Figure 4.19:- Location of failure initiation site for mode I joint specimens. 
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Figure 4.20:- Location of failure initiation site for mixed mode joint specimens. 
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Figure 4.21 :- XPS results of a typical joint specimen substrate after failure. 
To determine how much adhesive was left on the substrates, a typical failure surface was 
examined using X-ray photoelectron spectroscopy (Briggs 1983). The spectrum obtained 
from the aluminium interface after adhesive failure is shown in figure 4.21. The elements 
associated with the various peaks have been indicated. Although no nitrogen was found, 
the position where a nitrogen peak would occur has also been indicated. The absence of 
nitrogen was confirmed through a more detailed investigation of this portion of the 
spectrum. 
4.6. Discussion 
The degree of scatter in the failure loads of the joints (figures 4.14 and 4.15) gives some 
cause for concern. However, extreme care was taken in the manufacture and test 
procedures. Most of the scatter can be attributed to manufacturing batch variations. This 
can be demonstrated by normalising the failure loads for each specimen with respect to the 
average failure load of the uncracked mode I specimens from the same manufacturing 
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batch. The results obtained from this procedure are shown in figures 4.22 and 4.23. for 
mode I and mixed mode specimens respectively. In this form, there is a clear indication of 
the shape of the failure load versus crack length curves. It was of interest to try to 
determine the cause of the variations between manufacturing batches. Since the results from 
the bulk adhesive test program showed negligible manufacturing batch variations the 
procedure for the preparation and curing of the adhesive was considered to be satisfactory. 
This indicated that the variations were either associated with the preparation of the 
substrates or the casting of the joints. There were no obvious variables related to the casting 
of the joint that would have resulted in batch to batch variations except some form of 
contamination of the interface, and this is more likely to result in specimen to specimen 
variations. The cause is therefore most likely to have been small variations in the substrate 
preparation. Since great care was taken to ensure consistency of the preparation procedure, 
it is concluded that this form of test was very sensitive to small variations in the condition 
of the interface. 
It should be noted that no correlation was found between the scatter in the failure loads and 
the variation in test temperature or the scatter in loading rates. This suggests that these 
effects are not significant to the test results. 
The normalised results in figures 4.22 and 4.23 show a smooth transition between 
uncracked and cracked specimens in terms of their failure loads. Inserting a small crack in 
the specimen does not change the failure load abruptly. The loading rate data shown in 
figures 4.16 and 4.17 is independent of crack length. However there appears be a large 
dependence on the mode of loading. The average value of loading rate for each mode of 
loading was calculated and these are given in table 4.2 below. 
Mode of Loading Average Loading Rate (N/s) 
Model 3.84 (0.48) 
Mixed mode 4.45 (0.51) 
Table 4.2:- Average loading rates for joint test specimens. 
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Figure 4.22:- Normalised failure loads for mode I joint specimens. 
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Figure 4.23:- Normalised failure loads for mixed mode joint specimens. 
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The specimen compliance data shown in table 4.1 showed considerable scatter as indicated 
by the standard deviations, which are of the order of 12% of the mean value. The 
compliances were calculated using the adherend displacements measured by the mounted 
L VDTs. These displacementswere extremely small with a maximum value of approximately 
34 microns. This was only just large enough to obtain sensible readings. 
The assessment of the site of failure initiation by the observation of the failure surfaces 
produced some very interesting results. Figures 4.19 and 4.20 show that the preferred site 
of failure initiation is a small distance away from the centre of the joint. The preferred site 
of initiation is farthest away from the centre of the joint, approximately 5 mm, in the mixed 
mode specimens. The results of XPS showed that the specimens initially fail interfacially 
leaving a negligible amount of adhesive on the substrate. Any adhesive left on the interface 
would have produced a carbon and a nitrogen peak. The lack of the nitrogen peak in the 
spectrum indicates that the failure was adhesive. The spectrum obtained is typical of a clean 
aluminium surface (Watts 1991 ). 
4.7. Concluding remarks 
A cleavage type specimen has been developed to study interfacial fracture in an 
aluminium/epoxy joint under various modes of loading. This has provided data that can be 
used as a reference for the assessment of failure models. It has indicated the form of the 
dependence of failure load on interfacial crack length, provided data on loading rate, 
uncracked specimen compliance and site of initiation, and shown that the initial failure is 
adhesive in nature. 
* On high energy suifaces, such as aluminium oxide, some carbon will inevitably be observed. This is a 
result of adsorption from the environment during XPS specimen preparation. 
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5. Elastic finite eleinent analyses 
5 .1. Introduction 
This chapter presents the initial set of finite element analyses of the joint geometries for 
which experimental studies were carried out, as described in chapter 4. The adhesive 
behaviour was modelled as linear elastic. The first section is concerned with the 
development of appropriate finite element mesh refinement to be used around the points of 
singularity. The second section assesses three dimensional effects in the joints, focusing on 
the transfers of load and the magnitude of the errors incurred by assuming that the problem 
satisfies two-dimensional plane strain conditions. In the final section the development of 
refined two-dimensional models is discussed along with the results obtained. 
5.2. Assessment of mesh refinement 
Geometries containing singular stress/strain fields cause difficulties for finite element 
analysis. The analytical solutions available for interfacial crack problems suggest that the 
stress and displacement fields will generally have an oscillatory term which dominates close 
to the crack tip (see section 2.4.3). The accuracy of the solution in the region of these 
singularities is of great importance, as they are the sites at which failure occurs. In the 
present work it was decided to use a radial refinement scheme (see figure 5.1) similar to 
that presented by Malone et al (1986) and used by various other researchers (see section 
2.4.4). This type of refinement is extremely efficient as the element geometry is good and 
the wave front is independent of the smallest element size (if elements are sorted in the 
radial direction). 
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Each wedge of radial refinement is formed from elements of similar shape. 
Regardless of the level of refinement no elements are badly skewed nor do 
Smallest element sjze 
Figure 5.1:- Form of radial refinement region used in finite element analyses. 
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Figure 5.2:- Form of the point loaded interface crack mesh used to assess mesh refinements. 
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To assess the effect of varying the number of elements in each radial band and changing the 
smallest element size a number of analyses were carried out. The geometry modelled was a 
point loaded interface crack between two infinite half planes. This was chosen as it has an 
analytical solution (Loeber and Sih 1967). In order to simplify the analyses, one half plane 
was assumed to be rigid while the other was given a Young's modulus of unity and a 
Poisson's ratio of 0.25. The model was loaded with a unit load applied to the centre of the 
crack. The form of the mesh used for these analyses is shown in figure 5.2. Eight noded 
elements were used in the square region around the crack tip while four noded elements 
were used in the far field radial regionS. This was felt to provide the best compromise 
between accuracy and model size. 
To provide a simple indication of the effect of including a refinement region, a mesh with 
no refinement was also analysed. The energy release rates for each analysis were calculated 
and compared with the result from the analytical solution. The errors obtained are 
summarised in table 5.1. The results in table 5.1 show that the errors in the energy release 
rates are negligible for a refinement region with four or more elements in a 90° arc. 
Changing the smallest element size appears to have little effect, although it should be noted 
that the largest value used was still quite small (one thousandth of the crack length). The 
error in the energy release rate for the unrefined model was surprisingly low, only 12%. 
To assess the general quality of the stress field predictions the results obtained were 
compared to the theoretical solution. A selection of the stresses, namely the peel stress and 
shear stress along the interface for analyses B, C and Fare shown in figure 5.3 along with 
the theoretical solution. 
These results indicate that a radial mesh refinement of four eight noded elements per 90° arc 
is sufficient to model the stress field accurately. Using six elements per 90° arc marginally 
improves the accuracy of the results but not enough to justify the increase in the number of 
8 The correct connectivity was maintained by collapsing the midside nodes (thus producing a linear 
displacement relationship) of the eight noded elements along the line of connection. 
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degrees of freedom (approximately a factor of 2.25). The overall conclusion from these 
analyses is that a refinement region with 4 elements per 90° arc provides the best 
compromise between accuracy and problem size. It is also evident that the smallest element 
size appears to have little effect on the energy release rate calculated. 
Analysis Elements in 90° Smallest element Error in Energy 
size Release Rate (o/o) 
A 1 0.25 11.9 
B 2 lxl0-9 4.9 
c 4 lx10-9 0.7 
D 4 lxl0-6 0 .6 
E 4 lxl0-3 0.5 
F 6 lxl0-9 0.4 
Table 5.1 :- Summary of finite element assessment of refinement zones. 
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Figure 5.3:- Comparison of stresses for three finite element models of different radial refinement with a 
closed-form solution for point-loaded interface crack problem. 
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5.3. Three-dimensional analyses 
5.3.1. Introduction 
As a precursor to detailed two-dimensional analyses, a number of three-dimensional 
analyses of the joint presented in chapter 4 were carried out to assess through-width 
effects. Specifically, the main aims of these analyses were: (i) to determine how the transfer 
of the load varied across the width of the joint, (ii) to establish the magnitude of the errors 
incurred by simplifying the problem to the two-dimensional plane strain case and (iii) to 
assess if the level of error within a two-dimensional analysis could be reduced by applying 
modified loads. As well as satisfying these objectives the three-dimensional analyses also 
provided extra insight into the physical (three dimensional) behaviour of the joint. 
5.3.2. Contact analysis 
Preliminary work considered the interaction of a straight loading pin9 with the substrate. 
This analysis was necessary in order to determine the correct application of loading for 
subsequent three-dimensional analyses. It was considered highly desirable to avoid 
modelling the pin-substrate interaction explicitly in the majority of three-dimensional 
analyses, as this requires the use of gap elements, which makesthe problem non-linear and 
thus increases computing time significantly. 
Figure 5.4 shows a mesh of a similar form to that used for the contact analysis. The mode I 
loading configuration was chosen as it has two planes of symmetry and thus only a quarter 
of the joint needs to be modelled. Eight noded bricks were used ｴｨｲｯｵｧｨｾｵｴ＠ with gap 
elements 10 between pairs of nodes on the pin and the loading hole to simulate contact 
9 This analysis was carried out prior to the inclusion of the tapered loading pin within the joint test 
apparatus. The results indicated that a tapered pin could be used for loading the upper substrate to 
improve specimen alignment (as used for the main joint test programme presented in chapter 4) 
without affecting adversely the load transfer to the specimens. 
1 0 Gap elements join two nodes and are effiectvely inactive until one of the nodes penetrates a predefined 
plane that passes through the other node. When this happens the nodes are coupled to simulate sliding 
contact. Further information can be found in the ANSYS Theoretical Reference Manual ( 1989 ). 
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The circles indicate the start of the 
lines of contact elements which run 
through the width of the specimen 
Figure 5.4:- Mesh for three-dimensional contact analysis of joint specimen geometry. 
Region Modulus (Nfmm2) Poisson's Ratio 
Steel Pin 210000 0.30 
Aluminium Substrate 70000 0.33 
E27 Adhesive 2500 0.395 
Table 5.2:- Elastic material properties used for finite element analyses. 
across the complete width of the model. The material properties used in the analysis are 
summarised in table 5 .2. A line of point forces equal to a typical mode I failure load of 
1500N was applied to the pin. This load was applied in one step with the solution phase 
iterating as many times as necessary to achieve convergence. 
The results from this analysis showed that the straight steel loading pins are effectively put 
into four point bending and deform more than the aluminium substrates. This results in an 
extremely small contact region at the edge of the joint which can be modelled using a point 
load. It was felt that the joints loaded in mixed mode would exhibit similar behaviour. The 
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loading from the straight pins in all subsequent three-dimensional analyses were therefore 
modelled using point loads on the loading hole at the edge of the joint. 
5.3.3. Three-dimensional behaviour 
To assess how the conditions within the joint varied across the width six analyses were 
undertaken. These analyses were for both mode I and mixed mode loading of an uncracked 
geometry and two cracked geometries, with 2 mm and 4 mm crack lengths. The form of 
the finite element meshes used, is shown in figure 5.5. It was necessary only to model half 
of the joint because there was a plane of symmetry common to all configurations. Point 
loads were applied to the edge of the model as indicated by the contact analysis, section 
5.3.2. The application point and direction of these forces are indicated on figure 5.5. The 
magnitude of the applied load was equivalent to a unit load per unit width. Small refinement 
regions were included around the crack tips to improve the quality of the results and the 
surrounding mesh was modified accordingly. These refinement regions were of the type 
discussed in section 5.2. They had radial refinement of 2 elements per 90° arc and a 
smallest element size of 0.2 mm. This was the maximum level of local refinement that 
could be included easily without increasing the aspect ratio of any element above 10: 1. The 
meshes were constructed from eight noded bricks producing a model with a wave front just 
below 300, the maximum size of problem that could be analysed. The material properties 
used for the aluminium substrate and the adhesive were the same as those used for the 
contact analysis (see table 5.2). 
The initial investigation into three-dimensional effects focused on the uncracked 
configurations. Three parameters were investigated. These were the variation across the 
width of the joint of the through thickness stress states in the adhesive and substrate (i.e. 
how close the materials were to plane strain conditions), the transfer of the applied load 
from one substrate to the other and individual stress components. 
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1 Mode I loading 
1 Mixed mode loading 
Figure 5.5:- Form of three-dimensional mesh of joint specimen geometry. 
To assess how close the stress state in the adhesive and the adherend were to plane strain 
conditions a normalised through thickness (z) strain was defined of the form 
-E.Ez 
= 
v(crx + cry) 
This parameter ( Ez *) has a value of one if the material is in a state of plane stress and zero if 
the material is in plane strain. Values of Ez * were calculated along a line in the z direction at 
the centre of the adhesive layer close to the front of the joint and along a line directly above 
this in the substrate, shown as Sl and S2 in figure 5.6. The values obtained for mode I and 
mixed mode configurations are shown in figure 5.7. As expected, the results _indicate that 
the joints are in a state of plane strain at their centres and in plane stress at their edges. Of 
more interest is the indication that the adhesive remains in plane strain condition over a 
much greater distance than the substrate. This can be attributed to the more rigid substrate 
constraining the adhesive and so limiting the level of strain in the z direction. Suppressing 
this z strain effectively holds the adhesive in a state of plane strain. The substrate, by 
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Tensile load 8 
Figure 5.6:- Schematic diagram showing reference points for calculation of through width effects and load 
transfers. 
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Figure 5.7:- Variation in the stress state parameter (E*) across the width of the mode I and mixed mode 
uncracl<ed joint configurations. 
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comparison, shows only a relatively small region in the centre of the joint which can be 
considered to be truly plane strain, approximately 0 to 4 mm from the centre. The majority 
of the remainder of the substrate is in an intermediate state which cannot be considered as 
either plane stress or plane strain. 
The transfer of load from the upper substrate to the lower substrate across the width of the 
joint was evaluated in terms of the equivalent two-dimensional loads, tensile, shear and 
moment, along the front edge of the upper interface (see figure 5.6). For the mode I 
configuration the load transfers were evaluated across two planes: in the substrate directly 
above the end of the adhesive layer (OA) and along the upper adhesive-substrate interface 
(OB), see figure 5.6. The load transfer at a specific z co-ordinate was found by integrating 
the stress along lines, on the plane OA or OB, having that z co-ordinate. 
The results from these integrals might be expected to indicate that the total load transfer was 
equal to the applied load. However there were discrepancies of the order of 10%. These 
levels of error are not unreasonable considering the coarseness of the mesh. To simplify 
interpretation the results were normalised with respect to the average value per unit width. 
Figure 5.8 shows the results obtained from both the substrate and interface integrations, 
tensile loads have not been included as they are negligible for the mode I configurations. 
The difference in the results indicates that there is a significant load transfer across the 
width of the joint in the form of shear stresses. This does not mean that the results from the 
load transfer calculations are meaningless, but it does indicate that the line used for the load 
transfer calculations must be chosen carefully. For this work the load transfer to the 
adhesive layer is obviously the most important, as it is the adhesive stresses that we are 
interested in. Thus the load transfers at the adhesive-substrate interface were used for all 
other configurations. The results from the mixed mode uncracked configuration are shown 
in figure 5.9. Since the applied moment for the mixed mode configuration was zero, it is 
not appropriate to normalise the moment transfer results. This component has therefore 
been plotted in its unmodified form. All of the load transfers to the adhesive layer, 
including those for the cracked configurations not shown, have similar forms. 
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Figure 5.8:- Load transfers for the uncracked mode I joint configuration calculated using both substrate and 
interface stresses from three-dimensional finite element analyses. 
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Figure 5.9:- Load transfers for the uncracked mixed mode joint configuration calculated using the interface 
stresses from three-dimensional finite element analyses. 
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There is a large region in the centre of the joint over which the load transfers are reasonably 
constant. There is also a general trend for the moment transfer to increase and shear load 
transfer to decrease towards the edge of the joint. The trend in the shear load transfer can be 
explained by considering the interaction of the adhesive and the substrate. The rigid 
substrate effectively moves as a solid block and so a near constant peel strain is induced 
across the width of the adhesive. The peel stresses are therefore predominantly dependent 
on the effective modulus of the adhesive which decreases towards the edge of the joint as 
the adhesive goes into a state of plane stress. This reduces the shear load carried at the edge 
of the joint. In contrast the shear stresses are unaffected by the change in the effective 
stiffness of the adhesive. Thus there is virtually no change in the tensile load across the 
width of the mixed mode loaded joints. 
To assess the variation in the general level of stress across the width of the joint various 
stress components were plotted. Figure 5.10 shows the peel and principal stresses from the 
uncracked mode I configuration and the peel, principal and shear stresses from the 
uncracked mixed mode configuration. These stresses were calculated along the line of 
nodes on the interface 1.03 mm from the front of the adhesive layer. For the mode I and 
mixed mode cracked configurations elastic energy release rates were calculated using a 
virtual crack closure technique (Gallagher 1978). These results are shown in figure 5.11. 
All of the results show that there is a large region, between 0 and 8 mm from the centre of 
the joint, over which the conditions are nominally constant. It is over this region that the 
stresses and energy release rates are the highest indicating this region as the likely location 
for failure initiation. Experimental results are consistent with this in that the preferred site of 
failure is about 3 mm from the centre of the joint for mode I specimens and about 6 mm 
from the centre of the joint for mixed mode specimens (see figures 4.19 and 4.20). 
Towards the edge of the joint there is a general tendency for the peel and principal stresses 
and energy release rates to reduce while the shear stresses remain nearly constant. Again 
this is probably a result of the reduction in the effective adhesive tensile modulus as the 
adhesive goes into a state of plane stress. These results are consistent in most respects with 
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the three-dimensional stress results for single and double lap-joints presented by Zhao 
(1991). However the shear stress distributions presented by Zhao were not approximately 
constant instead they showed a considerable peak at the joint edges. The variation in the 
shear stress distributions between Zhao's studies and the analyses presented here is 
primarily due to the difference in the joint geometries. In the analyses presented here the 
relatively large substrates and thick adhesive layer results in the substrates effectively 
moving as solid blocks producing a uniform strain across the width of the adhesive layer. 
Thus the stresses are dependent only on the effective moduli of the adhesive which for 
shear deformation is nominally constant across the width of the joint. It is suggested that in 
typical lap joints as analysed by Zhao (1991) the deformation in the substrates is of the 
same order as the deformation in the adhesive. The tensile strains in the substrate are 
dependent on the effective tensile modulus of the substrate which decreases at the edges of 
the joint where the substrates are in a state of plane stress. This results in larger differential 
strains between the two substrates at the edge of the joint, producing greater shear strains in 
the adhesive and thus peaks in the shear stress distribution at the joint edges. 
The results from the investigation of three-dimensional effects in the joint geometry of the 
present study, indicate clearly that to apply averaged loads to a two-dimensional model 
would be inappropriate. It would appear also that plane strain conditions, although correct 
for the adhesive over most of the width of the joint, are satisfied in the substrate only over a 
very small region. However, both the stress levels from the three dimensional analyses and 
the experimental results indicate that the failure occurs close to the centre of the joint where 
plane strain conditions exist in both adhesive and substrate. The use of two-dimensional 
plane strain models for the detailed failure analysis is therefore appropriate. However it is 
necessary to establish the correct loads to apply to the two-dimensional model and this is 
dealt with in the next section. 
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Figure 5.10:- Variation in interfacial stresses across the width of the mode I and mixed mode uncracl<ed joints 
configurations, determined from three-dimensional finite element analyses. 
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Figure 5.11 :- Variation in the energy release rates across the width of the mode I and mixed mode 4 mm 
cracked joints, determined from three-dimensional finite element analyses. 
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5.3.4. Two-dimensional comparisons. 
Comparative two-dimensional analyses were carried out to assess the level of the errors 
introduced by simplifying the model to a two-dimensional plane strain problem and to 
determine whether or not the level of the errors could be reduced by applying modified 
loads. The meshes used were equivalent to a cross-section through the three-dimensional 
meshes except that the region around the loading hole was removed (see figure 5.12). 
Using nearly identical mesh refinement produces results with similar discretisation errors. 
Thus comparisons made between the two and three-dimensional analyses are not distorted 
by the coarseness of the mesh refinement. To enable the effect of applying modified loads 
to be determined with minimal effort, four analyses were carried out for each for each 
geometry. These correspond to a unit shear load for mode I and a unit tensile and a unit 
shear load for mixed mode loading and a unit moment (see figure 5.13). The results can be 
combined using linear superposition, to detennine the results for any arbitrary loading. 
Using averaged loading, as applied normally to two-dimensional models, results were 
obtained for the peel stresses for the uncracked configurations and energy release rates for 
the cracked configurations. These results were compared with the results from the 
three-dimensional models at various positions across the width of the joint to detennine the 
percentage error. These results for the uncracked and 4 mm cracked configurations are 
shown in ·figures 5.14 and 5.15. The results for the 2 mm cracked configuration were 
similar to those shown for the 4 nun cracked configuration and are therefore not shown. It 
should be noted that the level of error increases sharply towards the edge of the joint. This 
is because all of the two-dimensional analyses assume plane strain conditions. It was felt 
that the general level of error could be reduced by applying corrected loads calculated from 
the three-dimensional analyses. 
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Refinement region Included 
for cracked analyses 
Figure 5.12:- Mesh used for comparative two-dimensional analyses of the joint test specimen. 
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Figure 5.13:- Equivalent unit loads at point 0 used for two dimensional analyses of the joint test specimen. 
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As was noted in section 5.3.3 the calculated load transfers from the three-dimensional 
analyses have errors of the order of 10%. It is likely that applying loads which are in error 
to this level would not improve the quality of the results. It would have been possible to 
approximate the magnitude of the error in the mode I peel load and moment and mixed 
mode peel and shear loads from the ratio of the applied load and the calculated total load 
transfer. However this would not be appropriate for the mixed mode moment load as the 
applied moment is equal to zero. An alternative approach is to assume that the 
two-dimensional and three-dimensional analyses have similar levels of error, which is 
likely due to the similar mesh refinement. The load transfers can then be corrected using the 
errors calculated from the two-dimensional analyses. This was the method used to reduce 
the error in all of the three-dimensional load transfer results. These corrected 
two-dimensional loads were used to obtain peel stresses for the uncracked configurations 
and energy release rates for the cracked configurations. The results were then compared 
with the results from the three-dimensional models. The errors obtained are shown in 
figures 5.14 and 5.15 alongside the errors obtained from using uncorrected, average, 
loads. These figures indicate clearly that the level of error is reduced significantly, 
particularly in the centre of the joint. Towards the edge of the joint, in the plane stress 
region, the improvement becomes less significant. This increase in the error at the edge of 
the joint results from the two-dimensional analyses assuming plane strain conditions. The 
level of error at the edge of the joint is less significant for the failure analysis of the joint 
discussed in chapter 4 as the observed preferred site of failure is close to the centre. 
Since the detailed analyses would focus on the condition towards the centre of the joint, . 
around the point of failure, only loads over this region were required and in this region the 
loading is almost constant. It was decided therefore to produce an average correction for the 
region 0 to 6 mm from the centre of the joint. These average corrections are plotted as a 
function of crack length in figures 5.16 and 5.17. 
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Figure 5.14:- Comparison of errors in interface peel stress in the uncracked configurations using two-
dimensional analyses with corrected and uncorrected loading. 
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Figure 5.15:- Comparison of errors in the energy release rate in the 4 mm cracked configurations using two-
dimensional analyses with corrected and uncorrected loading. 
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Figure 5.17:- Two-dimensional equivalent loading for mixed mode configurations loaded by a nominal unit load 
per unit width. 
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5.3.5. Summary of three dimensional results 
The three dimensional analyses have provided some very important information concerning 
the joint configuration discussed in chapter 4. The analyses have shown that there is only a 
small region over which the substrates are in a state of plane strain. In contrast the adhesive 
is in a state of plane strain over most of the width of the joint. The change in the state of the 
substrate does not seem to affect the stress in the adhesive which remains almost constant 
from the centre of the joint to the point at which the adhesive starts to change from a state 
plane strain to a state of plane stress (at approximately 8 mm from the centre of the joint). 
The highest stresses and energy release rates were found to occur over the region of 
constant stress/energy release rate suggesting this as the likely location for failure initiation. 
This agrees with the experimental observations and indicates that the use of 
two-dimensional plane strain models for detailed failure analysis is appropriate. The 
three-dimensional and comparative two-dimensional analyses have also shown that using 
average loading, as typically applied to two dimensional analyses, produces significant 
errors and that these errors can be reduced by applying appropriately corrected loads. 
5.4. Detailed two-dimensional analyses 
5.4.1. Introduction 
A large number of detailed two-dimensional elastic analyses were carried out. The results 
from these analyses have been used to investigate the applicability of various failure criteria 
(see Chapter 7). In the sections which follow, the form of the meshes used is described and 
some of the results from the various analyses are presented. 
5.4.2. Meshes and loading 
The meshes used for the majority of two-dimensional analyses were constructed from one 
generic mesh form. To generate models with different lengths of interface crack and 
different levels of crack tip refinement, the basic mesh was modified. A macro language 
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Figure 5.18:- Form of refined two-dimensional meshes of the joint test specimen. 
program was written to automate this procedure thus enabling meshes with various 
combinations of crack length and crack tip refinement to be generated with minimal effort. 
The basic mesh and the three forms of refinement used for crack lengths from 0 to 6 mm 
are shown in figure 5.18. Refinement a) in figure 5.18 was used for the uncracked models, 
it replaced a block of 2x4 square elements at the front of the overlap. Refinement b) was 
used for crack lengths less than 1 mm, it replaced a block of 4x4 square elements at the 
front of the joint. Refinement c) was used for crack lengths greater than 1 mm, it replaces 
any block of 4x4 square elements along the interface. Around the crack tip the form of 
refinement b) is identical to refinement c). This method of refinement around the points of 
singularity is discussed in detail in section 5.2. Eight noded quadratic elements were used 
for most of each mesh along with some six noded triangles which were included to 
simplify mesh refinement. 
Equivalent two-dimensional loading calculated from the three-dimensional analyses were 
applied to these models as described in section 5.3.4. Simple quadratic interpolation of the 
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results presented in figures 5.16 and 5.17 was used to determine the loads to apply to 
intermediate crack lengths. The loading components were then converted into equivalent 
point loads using the linear superposition of the load cases shown in figure 5.13. Since the 
results from linear elastic analyses can be scaled readil)) applied loads equivalent to a unit 
load per unit width were used. 
5.4.3. Energy release rate results 
Elastic energy release rates were determined using virtual crack closure (Gallagher 1978) 
for both mode I and mixed mode loading of ten geometries with crack lengths ranging from 
0.005 mm to 4 mm. The mesh and loading used were as described in the previous section. 
A crack tip element size of 10-3 of the crack length was used for all analyses. The material 
properties used for the aluminium substrate and the adhesive are those given in table 5.2. 
The results obtained are shown in figure 5.19. 
,_. 
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0 
0 
0 
,_. 
0 
0 
0 
0 
0 
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----<>- Mixed mode 
0.01 0.1 10 
Crack Length (mm) 
Figure 5.19:- Results from two-dimensional elastic energy release rate analyses of the joint test specimen. 
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5 .4.4. Stress field results 
The adhesive stress/strain fields along the upper adhesive-substrate interface were 
determined for both mode I and mixed mode loading of the uncracked geometry and six 
geometries with crack lengths ranging from 0.01 mm to 3 mm. A very small crack length 
of 0.01 mm was included to investigate the effect on the stresses as the crack length tends 
to zero. The form of the meshes used was as described in section 5.4.2, elements of size 
0.1 nm were used at the point of singularity and the material properties used are those given 
in table 5 .2. 
To simplify interpretation, the stress field results were scaled by the typical failure loads 
given in table 5.3. These were determined by estimating the normalised failure loads from 
figures 4.22 and 4.23 and then multiplying the values by the average uncracked failure load 
from table 4.1. The peel, shear, principal and effective stresses and the peel strains for the 
uncracked and 1.5 mm cracked mode I and mixed mode configurations are shown in 
figures 5.20 to 5.23. Additional plots for effective, principal, peel and shear stresses 
comparing all mode I configurations are shown in figures 5.24 to 5.27 and similarly for 
mixed mode configurations in figures 5.28 to 5.31. The comparison of the different 
stress/strain components in the uncracked configurations (figures 5.20 and 5.21) show that 
all the stress/strain components plotted have a very similar form. They asymptotically 
approach a constant value as the distance from the crack tip increases and tend to infinity as 
the distance from the crack tip approaches to zero. When comparing the stress/strain 
components for the 1.5 mm cracked configurations (figures 5.22 and 5.23) similar 
statements can be made about the peel stresses, peel strains, effective stresses and principal 
stresses. However the shear stresses behave very differently from the other stress/strain 
components. Looking at the comparison of the shear stresses for all mixed mode 
configurations, figure 5.31, it can be seen that the form of the shear stresses varies 
considerably with crack length and that there is a tendency for the shear stresses to show a 
positive peak before undergoing a rapid sign change. These effects are a result of the 
oscillatory nature of interfacial crack problems. This oscillatory behaviour is not shown by 
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any other direct stresses/strains further than 1 nm from the crack tip. All direct stress/strain 
components close to the point of singularity are simply of the form r-ex. This is 
demonstrated clearly by the comparison of the peel stresses in figures 5.26 and 5.30. 
Using the slope of the curves from these figures, values of a. can be determined. Using the 
region from 1 nm to 1 mm from the crack tip, a. was calculated as 0.30 for the uncracked 
configurations and 0.49 for the cracked configurations. This compares well with the 
theoretical values of 0.31 (obtained as described by Groth 1985b see also section 2.4.2) 
and 0.5 (the bounding value of the oscillatory stress field) respectively. Looking in more 
detail at figures 5.26 and 5.30 it can be seen that the peel stresses for the 0.01 rom cracked 
configurations follow the uncracked configuration until 0.01 mm from the crack tip at 
which point they break away and continue with the same gradient as the other cracked 
configurations. This indicates that the crack tip singularity dominates up to a distance equal 
to the crack length and beyond this the stresses are controlled by overall geometry of the 
problem. Figures 5.26 and 5.30 also show that at approximately 0.3 mm from the crack 
tip the peel stresses for all mode I configurations converge and similarly for all mixed mode 
configurations. Similar behaviour can be seen in figures 5.24, 5.25, 5.28 and 5.29 for 
mode I and mixed mode principal and effective stresses. However the point of convergence 
for the principal and effective stresses is much closer to the point of singularity, 
approximately 0.01 mm to 0.1 mm and they remain similar over a larger region. 
Crack length (mm) Typical mode I failure Typical mixed mode failure 
load (N) load (N) 
0 1436 2269 
0.25 1272 2235 
0.5 1200 2192 
0.75 1152 2130 
1.5 960 1941 
3 792 1632 
Table ＵＮＳＺｾ＠ Typical failure loads of joint specimens with various crack lengths. 
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Figure 5.20:- Comparison of various stress and strain components along the interface for the mode I 
uncracked configuration from two-dimensional elastic finite element analyses. 
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Figure 5.21 :- Comparison of various stress and strain components along the interface for the mixed mode 
uncracked configuration from two-dimensional elastic finite element analyses. 
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Figure 5.22:- Comparison of various stress and strain components along the interface for the mode 1 1.5 mm 
cracked configuration from two-dimensional elastic finite element analyses. 
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Figure 5.23:- Comparison of various stress and strain components along the interface for the mixed mode 
1.5 mm cracked configuration from two-dimensional elastic finite element analyses. 
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Figure 5.24:- Comparison of the modified Von Mises effective stresses along the interface for all mode I 
configurations from two-dimensional elastic finite element analyses. 
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Figure 5.25:- Comparison of the principal stresses along the interface for all mode I configurations from two-
dimensional elastic finite element analyses. 
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Figure 5.26:- Comparison of the peel stresses along the interface for all mode I configurations from two-
dimensional elastic finite element analyses. 
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Figure 5.27:- Comparison of the shear stresses along the interface for all mode I configurations from two-
dimensional elastic finite element analyses. 
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Figure 5.28:- Comparison of the modified Von Mises effective stresses along the interface for all mixed mode 
configurations from two-dimensional elastic finite element analyses. 
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Figure 5.29:- Comparison of the principal stresses along the interface for all mixed mode configurations from 
two-dimensional elastic finite element analyses. 
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Figure 5.30:- Comparison of the peel stresses along the interface for all mixed mode configurations from two-
dimensional elastic finite element analyses. 
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Figure 5.31 :- Comparison of the shear stresses along the interface for all mixed mode configurations from 
two-dimensional elastic finite element analyses. 
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5.5. Summary 
This chapter has presented the elastic analyses of the joint configurations for which 
experimental studies were carried out and described in chapter 4. Analyses have been 
presented that assess the type of refinement required around a hi-material crack tip. The 
results from these analyses indicate a radial refinement scheme produces very accurate 
results and that 4 elements per 90° arc is the optimum level of refinement. Results from 
three-dimensional analyses and comparative two-dimensional analyses have also been 
presented. The results from these analyses have shown that average loading, as typically 
applied to two-dimensional models, produces significant errors for the joint geometry of 
the present study. Corrected loading was therefore determined. The results from these 
analyses also indicated that failure should occur close to the centre of the joint. This is in 
agreement with the experimental observations presented in chapter 4 and suggests that 
two-dimensional plane strain models are suitable for detailed failure analysis. 
Detailed two-dimensional plane strain analyses have also been presented. These analysis 
use techniques developed in the first part of the chapter, namely regions of radial 
refinement and the use of corrected loading. Elastic energy release rates and stress 
distributions from these analyses have been presented and discussed for both mode I and 
mixed mode configurations with a range of crack lengths. The stress results have shown 
that the stress and strain fields in all configurations are singular and that the order of the 
singularity between the cracked and the uncracked geometries is different. The results have 
shown also that at the typical joint failure loads, all configurations under the same mode of 
loading have similar values of peel stress at approximately 0.3 mm from the point of 
singularity. The principal and effective stress have also been shown to converge, across all 
configurations under the same mode of loading, at some distance from the point of 
singularity. These results are used in the failure prediction assessments presented in 
chapter 7. 
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6. Non-linear finite element analyses 
6.1. Introduction 
The analyses presented in chapter 5 modelled the continuum behaviour of the adhesive as 
linear elastic. This results in singular stress and strain fields around the point of failure. 
This is unrealistic physically and hence failure predictions based on stress or strain values 
close to the point of failure may be unreliable. The first group of analyses presented in this 
chapter have removed this unrealistic stress singularity by modelling the continuum 
behaviour of the adhesive as elasto-plastic. To include the effects of hydrostatic dependent 
yielding (see section 2.2.2) a modified Von Mises yield criterion was developed and 
implemented. The second group of analyses presented in this chapter assume the non 
linearity to be localised along a line ahead of the point of singularity and the material on this 
line is allowed to separate simulating rupture processes. This approach is similar to the 
Dugdale model for ductile fracture (ref. Broek, 1982). The work is presented in three 
sections. The first section discusses the implementation and validation of the modified Von 
Mises yield criterion which was used for the elasto-plastic analyses. The second section 
discusses the meshes, loading and material properties used for the elasto-plastic analyses as 
well as presenting the results obtained. The final section presents the work carried out 
using stress controlled separation of the region ahead of the point of singularity. 
6.2. Implementation of non-linear material behaviour 
6.2.1. Introduction 
It was decided that the elasto-plastic behaviour of the joints discussed in chapter 4 should 
be modelled using a pressure dependent yield criterion. This is the methodology adopted by 
the majority of previous researchers (Crocombe et al 1982, Harris and Adams 1984, 
Adams and Harris 1987, Bigwood 1990, Zhao 1991). Unfortunately the finite element 
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analysis package used for this work is not supplied with these capabilities. To resolve this 
problem, plastic flow and tangential stiffness matrix subroutines were developed and linked 
into the program. In the following four subsections the finite element formulation used in 
finite element analysis code is outlined, the implementation of the yield criterion is 
discussed, the form of the yield and tangential stiffness matrix subroutines is presented, 
and the accuracy of the routines is assessed. 
6.2.2. Finite element analysis formulation 
The code used for the finite element analyses presented in this thesis is based on a standard 
force-displacement formulation. The domain of interest is divided into discrete regions 
(elements) of simple but arbitrary shape. The displacement across each element varies in a 
known manner i.e. linear, quadratic, cubic etc. Using a virtual work approach the 
deformation within each element can be related to the forces applied to the domain. The 
form of this relationship for a linear elastic material in matrix notation is 
where 
F = [I(]{) ... 6.1 
F is the force vector 
[K] is the global stiffness matrix 
n 
= L JJ [B]T[De][B] dxdy 
i = 1 
a is the displacement vector 
n is the number of elements in the domain 
[B] is the element strain shape function and is calculated for a given point within 
the element. When multiplied by the nodal displacement vector it give the 
strain at the point of calculation 
[De] is the elasticity matrix. When multiplied by the elastic strain vector it gives 
the corresponding stresses 
x, y are element co-ordinates 
The formulation for problems involving plasticity is a simple extension of the elastic case. 
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F = [I((d)]d ... 6.2 
This problem is non-linear because of the dependence of [K(d)] on a. Physically this 
dependence occurs because of the relationship between the stiffness of the domain and the 
level of plasticity. To solve this problem a Newton-Raphson approximation is used. During 
each iteration an approximation is made to the displacement solution of the form 
... 6.3 
where 
<j>(d) = F - [K(d)]d 
This relationship can also be expressed in matrix notation as 
where 
is the global elasto-plastic (tangential) stiffness matrix 
n 
I, f J [B ]T[Dp][B] dxdy 
i = 1 
= 
is the applied force 
is the elasto-plastic (tangential) stress-strain matrix (Owen et al, 1980) 
= 
[D ] _ [De]fi.fiT[De] 
e A + fiT[De]fi 
A is the slope of the uniaxial stress-strain curve 
... 6.4 
f is the flow vector, which for associated flow is equal to the derivatives of 
the yield function with respect to the stresses 
After the application of 6.4 the stresses may lie outside the yield surface. Under these 
circumstances plastic flow is considered to have occurred and a correction is calculated. 
The predicted strains are assumed to be correct and are divided into elastic and plastic 
components. The plastic component is calculated to reduce the elastic strain by the amount 
required to put the stresses on the yield surface. Noting that regardless of the level of 
plasticity 
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= [De] ce ... 6.5 
where 
cr ,ce are the stress vector and the elastic strain vector respectively 
The plastic strain correction is of the form 
= dpf ... 6.6 
where 
dcp is the plastic strain correction vector 
dp is the plasticity increment (Owen et al, 1980) 
1 
A + fT [Del f fT[De]der = 
der is the strain vector beyond the yield surface 
The plastic strain correction for each element is divided into a number increments during 
each of which the plastic strain vector is re-evaluated. This improves the accuracy of the 
procedure. Since the stresses have been reduced on an element by element basis, equation 
6.2 may not be satisfied. Thus additional iteration may be required. A solution is assumed 
to have been found when the change in the plastic strains and displacements over an 
iteration are significantly small. For a more detailed description of finite element analysis 
theory the reader is referred to Zienkiewicz and Taylor (1989a,b), Owen and Hinton (1980) 
and the Ansys Theory Manual ( 1989). 
6.2.3. Plastic flow routines 
The yield criterion chosen for the plastic flow routines was that proposed by Raghava et al 
(1973) (see section 2.2.2). The form of this yield criterion in three-dimensional stress 
space is 
where 
'¥( cr) = cs- l)J1 Ｋｾｻｲ･ｳＭ l)JIJ2+ 12s12} 2S 
'¥ is the yield function 
S is the ratio of the compressive yield stress to the tensile yield stress 
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J 1 is the first stress invariant 
J 2 is the second stress invariant 
1 
= 6 [( 0'11 - 0'22)2 + ( 0'11 - 0'33)2 + ( 0'22- 0'33)2] + 0'122 +0'!32 + 0'232 
O'ij are the three-dimensional stress components 
This yield criterion was used in conjunction with an associated flow rule. Two 
characteristics of this method should be noted; firstly any deviations from linear elasticity 
are assumed to be irreversible and secondly, flow does not occur at constant volume. The 
value of plastic Poisson's ratioll, which should be 0.5 for constant volume flow, is 
dependent on the compressive to tensile yield ratio (S). The form of this relationship, 
determined from the derivatives of the yield function (equation 6.7), is given below. 
where 
= 
2 - s 
1 + s 
Vp is the plastic Poisson's ratio 
... 6.8 
The plastic flow routine calculates the plastic strain correction during each iteration. The 
input to this routine the total strain minus the plastic strain at the end of the previous 
iteration. The routine divides this into elastic and plastic components. When writing these 
routines it was unclear whether isotropic hardening, kinematic hardening or some 
combination of the two would best represent the material behaviour. A new hardening 
scheme was therefore developed that could represent anything from pure isotropic to pure 
kinematic hardening, with one parameter determining the ratio. The hardening parameter 
used is equivalent uniaxial plastic strain ( Bp) the increment of which over each iteration is 
equal to the plastic increment ( dp ). For isotropic hardening this parameter alone describes 
the state of the material. With the yield criterion of the form given overleaf. 
. .. 6.9 
where 
1 l The plastic Passion's ratio refers to the negative of the ratio of lateral plastic strain to axial plastic 
strain under uniaxial loading 
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crun is the uniaxial tensile stress-plastic strain relationship 
If, however, some kinematic hardening is also to be modelled, the translation of the yield 
surface is required. The yield criterion is then of the form 
... 6.10 
where 
O's is the translation of the yield surface 
r is the ratio of isotropic hardening to total hardening 
The plasticity routine handles this translation of the yield surface by subtracting shift strains 
from the total elastic strain before the stresses are determined. The shift strains required for 
pure kinematic hardening can be calculated by considering the difference between the 
plastic strain increment with and without hardening. Since, in both cases, the stress should 
lie on the yield surface, after the plastic strain coiTection, the difference between the two 
must be equal to the translation of the yield surface. Thus the shift strains are of the form 
= 
= 
= 
= 
= 
dPA=of- dep 
1 
fT[De]f fT[De]derf- dcp 
A+ fT[De]f f 
fT[De]f 
[ A + fT[De]f f fT[De]f 
A 
fT[De]der 
A+ fT[De]ff- dcp 
- l]dep 
... 6.11 
... 6.12 
If combined isotropic and kinematic hardening is required the shift strains need to be scaled 
by an appropriate factor as shown below. 
= . .. 6.13 
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START 
, 
Evaluate the yield criterion 
'¥(cr-crs) = crun(O) + r[crun(ep) - crun(O)] ... 6.1 0 
Has plastic flow occurred? 
Yes 
Calculate the number of strain increments 
to be used during relaxation 
Calculate the plastic strain increment 
deP = dp f ... 6.6 
Update the elastic and plastic strains 
Calculate the increment in the shift strains for 
kinematic hardening 
des = ( 1 - r) .9ldep I (fT[D elf) ... 6.12 
Update hardening parameters 
'Epi+ 1 = 'Epi + dp 
Esi+1 = esi + des 
Output parameters 
,, 
END 
No 
Figure 6.1 :- Flow diagram for the plasticity flow routine. 
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A flow diagram showing the structure of the plastic flow routine is presented in figure 6.1. 
The theory for calculating the plastic strain increment is covered in detail by Owen and 
Hinton (1980). In addition to the plasticity routine a routine to calculate the elasto-plastic 
(tangential) stress-strain matrix ([Dt]) was also developed. This routine follows the 
standard formulation used by ANSYS, the only difference being the yield function and its 
derivatives. The source codes for both routines are provided in the appendix. 
6.2.4. Assessment of flow routine accuracy 
The accuracy of this plasticity implementation was assessed by carrying out a series of 
simple analyses of a one element model. The model used for these analyses is shown in 
figure 6.2. Figure 6.3 shows a comparison of the numerically predicted behaviour with the 
analytical solution for uniaxial loading. The results indicate that the quality of the solution is 
excellent when using isotropic hardening and good when using ldnematic. Other analyses 
were carried out to assess combined kinematic and isotropic hardening and an alternative 
mode of loading. Although not shown here the results from these analyses also indicated 
that the quality of the solution was good. 
Load /2 
Single 
four noded element 
Figure 6.2:- Finite element model used for assessing the accuracy of the plastic flow routines. 
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Figure 6.3:- Comparison between the numerically and analytical solutions for uniaxial loading with various 
hardening models. 
6.3. Elasto-plastic two-dimensional analyses 
6.3.1. Introduction 
A number of detailed two-dimensional analyses were carried out that modelled the 
continuum behaviour of the adhesive as elasto-plastic. The results from these analyses are 
used in chapter 7 to investigate the applicability of stress or strain based failure criteria. 
Presented in the following sections are the form of the meshes, loading and material 
properties used for these analyses and the results obtained for various crack lengths under 
both mode I and mixed mode loading. 
6.3.2. Meshes and loading 
The meshes used for these analyses were similar to those used for the elastic analyses as 
described in section 5.4.2. Twelve configurations were analysed, an uncracked geometry 
and geometries with crack lengths, in mm, of 0.25, 0.5, 0.75, 1.5 and 3 under both mode 
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I and mixed mode loading. The meshes used an element size of 1 J.Lm at the focus of the 
local refinement, this was found to be the smallest element size that could be used without 
getting excessive distortion at the crack tip. Since these analyses were non-linear it was not 
possible to apply a unit load and scale the results as appropriate, instead typical failure 
loads were used (see table 5.3). These typical failure loads were converted to the equivalent 
two-dimensional loads at the centre of the joint using the results from the three-dimensional 
analysis (see section 5.3) and applied as point forces. This procedure is identical to that 
used for the detailed elastic analyses (section 5.4) with the exception that all values are 
scaled by a factor equal to the typical failure load divided by the joint width. 
Each configuration was analysed using these loads and loads 10% above and below these 
values. Three load values were used for each configuration to allow the stress/strain 
conditions to be estimated with reasonable accuracy at any load within or just outside this 
range. Because of the non-linear nature of the problem an iterative solution technique was 
required. It was found necessary to apply the load in a number of small increments to 
achieve satisfactory convergence. In the initial load step 10% of the load was applied. The 
remainder of the load was divided into 500 equal increments. For each load increment only 
one iteration was performed12. After the full load was applied as many iterations as 
necessary were performed to achieve convergence. A full Newton Raphson iterative 
procedure was used throughout. 
6.3 .3. Material properties 
As shown in chapter 3 the behaviour of the adhesive used in this investigation is both 
elasto-plastic and strain rate sensitive. It was decided that some correction for the rate 
sensitivity of the adhesive should be made. However running time stepped analyses was 
considered undesirable because of the greatly increased demand on computer resources. It 
was decided that the material properties used for non-linear analyses should be varied to 
12 Alternative loading schemes were assessed including using a smaller number of load steps but with 
each load step iterated to convergence. The results obtained were similar but the solution required 
considerably more computation time. 
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reflect the average strain rate in the joint configuration being modelled. To obtain the correct 
average strain rate for each configuration a number of coarse elasto-plastic analyses were 
undertaken, two analyses for each configuration, using adhesive properties at two different 
strain rates (0.14%/min and 1 %/min). The meshes and loads used for these analyses were 
the same as those for detailed two-dimensional plastic analyses, except that the element size 
at the focus of the refinement was increased to 10 J..Lm. Eleven loads· increments were used. 
In the first increment 50% of the load was applied. Subsequent load increments increased 
the applied load by 5% of the total load. Once the full load was applied, as many iterations 
as necessary were performed to achieve satisfactory convergence. The adhesive properties 
used for these analyses were defined in terms of the three points, yield, UTS and 
intermediate, for which an empirical rate relationship was developed in section 3.5.1. All 
analyses assume isotropic hardening and used a ratio of yield in compression to yield in 
tension of 1.2, the value determined experimentally in section 3.4.4. For each analysis the 
average equivalent uniaxial strain rate13 in the plastic zone was determined. This value is 
unlikely to be the strain rate assumed. However, it was found that over the region of 
interest there is a logarithmic relationship between the calculated strain rate and the assumed 
strain rate. Using this relationship the correct strain rate (the value for which the calculated 
strain rate is equal to assumed strain rate) can be found from the results of a pair of 
analyses which used strain rates either side of the correct value. This procedure is shown 
graphically in figure 6.4. The results obtained are shown in table 6.1. 
The adhesive stress-strain behaviour used for each of the detailed analyses was then 
calculated by using the strain rates from table 6.1 in the empirical formula presented in 
section 3.5 .1. The other properties used for the analyses are summarised in table 6.2. Since 
the aluminium substrates were designed not to yield, their behaviour was assumed to be 
elastic. 
13 This is the area integral of the equivilent uniaxial total strain over the plastic zone divided by the area 
of the plastic zone and the time to failure (calculated from the average loading rate and the typical 
failure loads given in tables 4.2 and 5.3 respectively). 
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Line on which the correct strain rate must lie..- "' "' 
/ 
---6. 
/ 
/ 
Results from strain prediction analyses 
Correct strain rate 
10 
Strain rate used for the analysis (%/min) 
Figure 6.4:- Calculation of the appropriate average strain rate from the results of two analyses. 
Crack length (mm) 0 0.25 0.50 0.75 1.50 3.00 
Model 0.1749 0.1923 0.2038 0.2423 0.2811 0.3479 
Mixed Mode 0.1125 0.1267 0.1367 0.1271 0.1438 0.1852 
Table 6.1:- Average strain rates (%/min) for mode I and mixed mode configurations. 
Material Modulus (Nfmm2) Poisson's ratio Yield ratio S 
Substrate 70000 0.33 1 
Adhesive E27 2500 0.395 1.2 
Table 6.2:- Material properties used for elasto-plastic finite element analyses. 
6.3.4. Stress field results 
The peel, shear, principal and effective stresses and the total peel and longitudinal shear 
strains for the uncracked and 1.5 mm cracked mode I and mixed mode configurations are 
shown in figures 6.5 to 6.8. Additional plots for effective stresses and the total peel strains 
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comparing all mode I configurations are shown in figures 6.9 and 6.10 and similarly for 
mixed mode configurations in figures 6.11 and 6.12. Consider first the stress/strain 
comparison for the uncracked and 1.5 mm cracked configurations, figures 6.5 to 6.8. It 
can be seen that the stress fields are not singular. In fact as the point of singularity is 
approached, the stresses have an almost constant value. This corresponds to the effective 
stress in the material close to the point of singularity reaching the ultimate tensile stress of 
the adhesive. The strains however are singular. The form of this singularity appears to be 
similar in both the cracked and the uncracked configurations, see figures 6.10 and 6.12. 
This suggests that the strain behaviour may be governed more by the shape of the material 
stress-strain curve than by the local geometry of the problem. The effective stresses, in 
figure 6.9, are almost identical in all mode I configurations. Similarly there is a correlation 
between the effective stresses for all mixed mode configurations in figure 6.11, although 
the correlation is not as good as for the mode I configurations. It was expected that the 
effective stresses close to the point of singularity would be similar for all configurations, 
noting that the ultimate tensile stress of the adhesive varies very little of the range of strain 
rates used. However the correlation in the effective stresses away from the point of 
singularity was unexpected. It shows that the size and shape of the plastic zone is similar in 
both cracked and uncracked configurations. If failure is governed by an energy balance and 
the critical energy release rate is dominated by the plastic work, both uncracked and cracked 
configurations will have similar critical energy release rates. Comparing the effective stress 
in the mode I and mixed mode configuration it can be seen that the effective stresses remain 
high over a greater distance in mixed mode configurations. This indicates that the plastic 
zone is larger in the mixed mode specimens and provides a physical basis for the increase 
in critical energy release rate usually observed in specimens as the loading is changed from 
mode I to mode II. 
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Figure 6.5:- Comparison of various stress and strain components along the interface for the mode I 
uncracked configuration from two-dimensional elasto-plastic finite element analyses. 
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Figure 6.6:- Comparison of various stress and strain components along the interface for the mode I 1.5 mm 
cracked configuration from two-dimensional elasto-plastic finite element analyses. 
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Figure 6. 7:- Comparison of various stress and strain components along the interface for the mixed mode 
uncracked configuration from two-dimensional elasto-plastic finite element analyses. 
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Figure 6.8:- Comparison of various stress and strain components along the interface for the mixed mode 
1.5 mm cracked configuration from two-dimensional elasto-plastic finite element analyses. 
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Figure 6.9:- Comparison of the modified Von Mises effective stresses along the interface for all mode I 
configurations from two-dimensional elasto-plastic finite element analyses. 
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Figure 6.10:- Comparison of the peel strains along the interface for all mode I configurations from two-
dimensional elasto-plastic finite element analyses. 
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Figure 6.11 :- Comparison of the modified Von Mises effective stresses along the interface for all mixed mode 
configurations from two-dimensional elasto-plastic finite element analyses. 
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Figure 6.12:- Comparison of the peel strains along the interface for all mixed mode configurations from two-
dimensional elasto-plastic finite element analyses. 
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6.4. Stress controlled separation analyses 
6.4.1. Introduction 
A series of analyses were carried out in which the principal stress along the line ahead of 
the point of singularity was limited to a maximum value while the material on this line was 
allowed to deform locally. The line ahead of the point of singularity lies on the interface 
between the adhesive and the substrate. Until the limiting stress is reached the adhesive and 
substrate are rigidly coupled along the interface. Once the limiting stress is reached the 
interface separates under constant stress conditions. This approach is similar to a Dugdale 
model of ductile fracture (ref. Breok 1982). Physically it could be thought of as localised 
plasticity or the modelling of the deformation in the region undergoing failure processes. 
Presented here are the form of the meshes used for these analyses, the analysis procedure 
and the results obtained. The results from these analyses were used to obtain crack opening 
displacements which form the basis of a new form of failure criterion presented in 
chapter 7. 
6.4.2. Meshes and loading 
The basic form of the meshes used for these analyses are similar to those used for the 
detailed two-dimensional elastic analyses, see section 5.4.2, and used subsequently for the 
elasto-plastic analyses. To obtain the desired behaviour of the region in front of the point of 
singularity the mesh was modified and pairs of equi-spaced non-linear springs and control 
elements were added. The mesh around the crack tip is shown in a deformed state in 
figure 6.13. The pairs of non-linear springs and control elements connect to the con1er 
nodes of eight noded quadratic elements. The midside nodes along the connected edge were 
removed forcing linear displacement behaviour, thus making the relationship between the 
spring force and the element stresses more predictable. 
136 
Chapter 6:- Non-linear finite element analyses 
Substrate 
Adhesive 
Figure 6.13:- Deformed mesh of spring-control element region for a mode I cracked configuration. 
The non-linear springs used couple one of the degrees of freedom of the two nodes they 
connect. Thus if the non-linear spring is coupling a degree of freedom aligned with the 
y-axis, x and z displacements do not contribute to the force calculation and any force 
produced is in the y direction. At stress levels below the limiting value, the control elements 
prevent sliding normal to the direction of action of the springs. It was not possible to make 
the non-linear springs and control elements infinitely rigid as both type of elements require 
finite stiffnesses. To approximate rigid coupling the stiffnesses of these elements were 
calculated to produce relative nodal displacements an order of magnitude smaller than those 
in the surrounding elements. The control elements switch off as the stress carried by the 
non-linear springs reaches a limiting value; this point is determined from the extension of 
the non-linear spring. After the limiting stress is reached, all load transfer across the 
interface is carried by the non-linear springs. Since the springs can only produce a force in 
the direction of their defined degree of freedom, it is important that this degree of freedom 
is aligned with the displacement vector of the coupled nodes. This is discussed in more 
detail in section 6.4.3. 
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The length of the region containing springs must be longer than the equilibrium length of 
the region undergoing local deformation. Since the number of non-linear springs in the 
model was fixed, the distance between springs-control pairs was varied. The ideal distance 
between spring-control pairs is that which will produce a spring-control region fractionally 
longer that the equilibrium length of the stress controlled separation region at maximum 
load. This allows the maximum number of spring-control pairs to be engaged and thus 
produces the most accurate results. However it was observed that the accuracy of the 
results was not reduced significantly by making the spring control region up to twice as 
large as the equilibrium length of the stress controlled separation region. 
The non-linear springs require the assignment of force displacement characteristics. For 
these analyses the data required are the limiting force (Ftm) and the initial stiffness (Sin). 
The stiffness of the control elements was made equal to the initial stiffness of the non-linear 
springs. These values can be expressed in terms of the limiting stress ( O"tm) the distance 
between spring-control pairs (xe) and the modulus of the adhesive (E). The values for all 
the non-linear springs and controls except the pair at the point of singularity can be 
calculated from the expressions below. For the pair of elements at the point of singularity 
the values obtained from the expressions below must be divided by two as the area that the 
force acts over is halved. 
= 10E ...6.14 
= ... 6.15 
The value of limiting stress chosen for the initial analyses was 40.6 MPa; this corresponds 
to the ultimate tensile stress of the bulk adhesive at a strain rate of 0.175 %/min which is in 
the middle of the values of strain rate predicted from the plastic analyses in section 6.3.3. 
The material properties used for the adhesive and the substrate were the same as those used 
for the elastic analyses (see table 5.2). 
The loads applied to the models were corrected for three dimensional effects in a similar 
way to that used for both the detailed elastic analyses and the elasto-plastic analyses (see 
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sections 5.4.2 and 6.3.2). These analyses were non-linear and therefore required an 
iterative solution technique. The problem was path independent however and converged 
easily. Therefore load stepping was not required. 
6.4.3. Calculation of spring orientation 
As mentioned in the previous section, the degree of freedom of the non-linear springs must 
be aligned with the displacement vector of the nodes that they connect. To determine the 
effect of a small error in alignment, a number of analyses were carried out in which the 
alignment angle was varied. Two configurations were chosen for these analyses 
corresponding to uncracked and 1.5 mm cracked geometries under mode I loading. Both 
configurations were analysed at their typical failure loads (see table 5.3) using a range of 
non-linear spring alignment angles. The lengths of spring-control regions in the models 
were 30 J.Lm and 78 J.Lm for the uncracked and 1.5 mm cracked configurations respectively. 
Summaries of the results obtained for these two configurations are given in tables 6.3 and 
6.4 below. The angles quoted are measured from the line normal to the interface and are 
positive in the anti-clockwise direction. It should be noted that, (i) the resolution of the 
determination of the length of the stress controlled separation region is equal to the distance 
between the spring-control element pairs and (ii) that the displacement given is the 
component in the direction of the spring rather than the magnitude of the overall 
displacement vector. 
Non -linear springs Length of active Values for first spring-control pair 
alignment angle region (J.Lm) Angle Displacement (J.Lm) 
5 27.5 56.3 0.20 
10 27.5 35.8 0.28 
15 27.5 14.3 0.33 
20 27.5 -2.4 0.37 
25 27.5 -12.1 0.38 
Table 6.3:- Results from the stress controlled separation analyses of the mode I uncracked configuration 
using various spring-control alignment angles. 
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Non-linear springs Length of active Values for first spring-control pair 
alignment angle region (f..Lm) Angle Displacement (f..Lm) 
-10 71.5 11.1 1.21 
-5 71.5 5.9 1.25 
0 71.5 0.7 1.27 
5 71.5 -4.5 1.27 
10 65 -8.6 1.25 
Table 6.4:- Results from the stress controlled separation analyses of the mode 11.5 mm cracked 
configuration using various ｳｰｲｩｮｧｾ｣ｯｮｴｲｯｬ＠ alignment angles. 
The results show that the correct alignment angle for the uncracked configuration is 
approximately 15° and for the 1.5 mm cracked configuration it is approximately 0°. It was 
observed that an error in the alignment angle of 5° has a considerable effect on the 
displacement vector between the connected nodes. The effect of the error appears to be 
much worse for the uncracked configuration, producing a relative change in the 
displacement of about 15 % compared to about 1.5 % for the 1.5 mm cracked 
configuration. The effect of this error on failure predictions based around the displacement 
of the first spring (as presented in section 7.3) can be estimated by considering the rate of 
change of the applied load with respect to this displacement at the typical failure load. The 
error in the failure prediction can be expressed in the following form. 
ｾｦｬ＠
where 
ｾｦｬ＠
Ｘｾ＠
lf 
dl 
-
d8 
= 
ｾＮ＠ dl X 100 
If d<i 
is the percentage error in the failure load 
is the absolute error in the displacement 
is the failure load 
is the rate of change of load with displacement 
... 6.16 
Values of dl/d8 were determined by multiplying the gradient of the appropriate curve from 
figure 6.14 or 6.15, when normalised applied load is equal to one, by the typical failure 
load from table 5.3. The values obtained were 1250 N/f..Lm and 320 N/f..Lm for the uncracked 
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and 1.S mm cracked configurations respectively. Using equation 6.16, estimates for the 
error in the predicted failure load resulting from a so misalignment were determined as 
4.4% and 0.7 % for the uncracked and 1.S mm cracked configurations respectively. 
These values suggest that misalignments of up to S0 do not produce errors that are 
significantly large to invalidate this form of failure criterion. Looking at table 6.4 it can be 
seen that a so absolute error in alignment corresponds to a 10° difference between applied 
alignments and calculated angles. This difference can be used as a good indication of the 
error incurred by misalignment. 
6.4.4. Crack opening displacement results 
A series of analyses were carried out to obtain the displacement of the first spring-control 
element pair as a function of applied load for the failure predictions presented in section 
7.4. Initial analyses were of mode I and mixed mode, uncracked and 0.2S, O.S, 0.7S, l.S 
and 3 mm cracked configuration using a limiting stress of 40.6 MPa. The results from 
these analyses are shown in figures 6.14 and 6.1S. From these results it can be seen that 
there is an abrupt change in the response between uncracked and cracked configurations. A 
second group of analyses was then carried out using a limiting stresses of 2S MPa. This 
was the lowest value of limiting stress that could be used without major modifications to 
the meshes. The maximum size of stress controlled separation region in the meshes used 
for these analyses is 384 J..Lm for the uncracked geometry, 1S6 J..Lm for the 0.2S mm 
cracked geometry, 312 J..Lm for the O.S mm cracked geometry, 468 J..Lrn for the 0.7S mm 
cracked geometry and 624 J..Lm for the 1.5 mm cracked and 3 mm cracked geometries. To 
achieve sufficient load range for failure predictions using limiting stress of 2S MPa 
requires a stress controlled separation region of approximately 300 J..Lm for mode I 
configurations and 3SO J..Lm for the mixed mode configurations. Thus valid finite element 
results could not be obtained for the uncracked and short cracked configuration up to the 
maximum load. However sufficient data were obtained from the analysed configurations to 
extrapolate data up to the maximum required load. The results from these analyses are 
shown in figures 6.16 and 6.17 with solid lines used for the actual finite element results 
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and dashed lines used for the extrapolated data. Details of all the models are given in 
table 6.5 below along with the angle of the first non-linear spring and length of the stress 
limited region calculated at the typical failure load. 
Limiting Mode of Crack Length of Spring Active region 1st spring 
stress loading length spring-cont. alignment length ＨｾｭＩ＠ angle 
(MPa) (mm) region ＨｾｭＩ＠ angle (Deg) (De g) 
40.6 I 0 144 15 72 17.9 
40.6 I 0.25 144 7 84 6.4 
40.6 I 0.5 144 4 84 6.4 
40.6 I 0.75 144 0 84 8.4 
40.6 I 1.5 144 0 84 2.2 
40.6 I 3.0 144 0 84 -5.0 
40.6 Mixed 0 180 15 90 18.2 
40.6 Mixed 0.25 156 7 104 7.2 
40.6 Mixed 0.5 180 7 105 8.3 
40.6 Mixed 0.75 180 10 105 7.6 
40.6 Mixed 1.5 180 12 105 18.5 
40.6 Mixed 3.0 180 15 105 12.0 
25 I 0 384 15 note t 23.3¥ 
25 I 0.25 156 7 note t 9.4¥ 
25 I 0.5 312 4 234 9.1 
25 I 0.75 384 0 256 16.1 
25 I 1.5 384 0 224 8.0 
25 I 3.0 384 0 224 0.5 
25 Mixed 0 384 15 note t 19.0¥ 
25 Mixed 0.25 156 7 note t 9.4 ¥ 
25 Mixed 0.5 312 7 note t 15.1 ¥ 
25 Mixed 0.75 384 10 288 14.6 
25 Mixed 1.5 384 12 288 18.5 
25 Mixed 3.0 384 15 288 17.7 
Table 6.5:- Summary of stress controlled separation finite element analyses. 
t Because a finite element solution could not be obtained at the predicted failure load a value for the 
length of the stress controlled region cannot be given. 
¥ The angle quoted is the angle at the highest load for which a solution was obtained. 
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Figure 6.14:- Crack tip opening displacement against normalised applied load for mode I configurations using 
a limiting stress of 40.6 MPa from two-dimensional stress controlled separation analyses. 
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Figure 6.15:- Crack tip opening displacement against normalised applied load for mixed mode configurations 
using a limiting stress of 40.6 MPa from two-dimensional stress controlled separation analyses. 
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Figure 6.16:- Crack tip opening displacement against normalised applied load for mode I configurations using 
a limiting stress of 25 MPa from two-dimensional stress controlled separation analyses. 
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Figure 6.17:- Cracl< tip opening displacement against normalised applied load for mixed mode configurations 
using a limiting stress of 25 MPa from two-dimensional stress controlled separation analyses. 
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6.4.5. Stress results 
To assess the effect on the stress field of introducing the region of stress controlled 
separation, the various stresses/strain components along the interface were plotted for the 
mode I uncracked and 1.5 mm cracked analyses which used limiting stresses of 40.6 
MPa. The graphs obtained are shown in figures 6.18 and 6.19. These figures show that all 
the stress/strain components have constant values close to the crack tip. Unlike the 
elasto-plastic analyses shown in figures 6.5 to 6.8 the strains are not singular. In fact this 
form of analysis has no singular stress/strain components around the point of failure. The 
principal stress in the 1.5 mm cracked configuration shows good correlation with the 
limiting value of stress. The value of principal stress in the uncracked analysis is however 
higher than the limiting stress. This difference arises because the springs in the stress 
controlled separation region are not aligned with the principal stresses in the surrounding 
material. This is a result of the stress controlled separation region being in a state of 
uniaxial tension while just outside the region in the adhesive where the stresses were 
determined, the material is in a multi-axial stress state. 
6.5. Summary 
This chapter has presented an implementation of a modified Von Mises yield criterion for 
elasto-plastic finite element analysis that can use combined kinematic and isotropic 
hardening. This implementation was then used to carry out detailed elasto-plastic analyses 
of the joint configurations for which experimental data has been obtained as described in 
chapter 4. The stress distributions from these analyses have been presented and discussed 
for both mode I and mixed mode configurations with a range of crack lengths. Of particular 
interest from these results are the near identical form of the effective stress in all 
configurations under the same mode of loading. This suggests that the size and shape of the 
plastic zone is similar in cracked and uncracked configurations at the typical failure loads. 
The elasto-plastic stress results are used in the failure prediction assessments presented in 
chapter 7. 
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Figure 6.18:- Comparison of various stress and strain components along the interface for the mode I 
uncracked configuration from two-dimensional stress controlled separation analyses. 
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Figure 6.19:- Comparison of various stress and strain components along the interface for the mode I 1.5 mm 
cracked configuration from two-dimensional stress controlled separation analyses. 
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Analyses have also been presented in which the material ahead of the point of singularity 
was allowed to separate, simulating failure, under stress controlled conditions. This is a 
simple model of the failure process that allows both uncracked and cracked configurations 
to be considered. From these analyses, results have been obtained for the crack opening 
displacement as a function of the applied load. These are used in chapter 7 as the basis of a 
new form of failure criterion. 
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7. Failure criteria for joints 
7 .1. Introduction 
In this chapter various failure criteria for bonded joints are assessed. The criteria are used in 
conjunction with the finite element analyses presented in chapters 5 and 6 in an attempt to 
model the strength data presented in chapter 4. Since the analyses predict a point of 
singularity in the region of the locus of failure for the joint configurations under 
investigation, a failure criterion based on peak values of either stress or strain is 
inappropriate. The failure criteria assessed here have focused either on an energy balance 
approach or on a method of characterising the stresses/strains away from the singularity at 
the point of failure. The first section presented discusses the applicability of a linear elastic 
fracture mechanics based approach to failure. The second section looks at the usefulness of 
stress/strain characterisation at the onset of failure. The third section assesses a failure 
criterion based on a critical crack opening displacement obtained from the stress controlled 
separation outlined in chapter 6. The final section compares the various failure criteria and 
discusses their usefulness to joint failure in general. 
7 .2. Linear elastic fracture mechanics 
Linear elastic fracture mechanics is a method that is often used to predict failure in cracked 
specimens. Various failure parameters can be used including fracture toughness (Kc), 
critical energy release rate (Gc) and critical J-integral (Jc). It was decided to use critical 
elastic energy release rate (Gc) as a failure criterion in the present work. The calculation of 
values of G for a range of configurations was described in section 5.4.3. From the results 
of these analyses, presented in figure 5.19, it can be seen that the relationship between 
energy release rate G and crack length a for small crack lengths is of the form 
G(a) = l(am. This form of G(a) implies that G(O)=O. If failure is controlled by a critical 
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value of G (Gc) then this predicts an infinite failure load for the uncracked specimens. 
Neglecting the uncracked and very short cracked specimens (crack length <0.5mm) a 
reasonable value of Gc can be found. To determine the most appropriate value for Gc a 
procedure was adopted in which a trial value of Gc was used to obtain predicted failure 
loads. These were compared with the experimental results to produce an RMS (root mean 
squared) error term. The value of the trial Gc was then modified to minimise this error. 
The failure prediction obtained compared with the normalised experimental results are 
shown in figures 7.1 and 7.2 for the mode I and mixed mode configurations respectively. 
The failure parameters calculated are summarised in table 7 .1. 
Mode Gc (kJfm2) RMS Error (%) 
I 0.0563 8.0 
Mixed 0.0796 5.9 
Table 7.1 :R Linear elastic fracture mechanics failure parameters and level of error in failure predictions. 
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Figure 7.1 :R Mode I predicted failure loads using LEFM compared to experimental results. 
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Figure 7.2:- Mixed mode predicted failure loads using LEFM compared to experimental results. 
The values of Gc obtained compares well with values by other researchers, 0.055-
0.4 kJ/m2 for cohesive mode I fracture, 1.45 kJ/m2 for cohesive mode II fracture and 
0.015 kJ/m2 for interfacial fracture (Kinloch 1987 values for unmodified epoxy-aluminium 
fracture). The difference between the calculated values for mode I and mixed mode Gc is 
about 30%. As can be seen from the values of Gc quoted by Kinloch (1987) a variation 
between mode I and mixed mode Gc is to be expected. Following simple classical fracture 
mechanics arguments, Gc = 'Yp + 2y8 where 'Yp is the plastic work of crack propagation 
and 'Ys is the surface energy. The plastic zone size is larger in mixed mode configurations, 
see section 6.3.4, and therefore Gc is larger also. This dependency of Gc on the mode of 
loading is obviously problematic since it means that no single value controls failure. A 
more serious limitation to the use of this form of failure criterion is the error in predicted 
failure load for short cracked and uncracked geometries, in particular the prediction of an 
infinite failure load for uncracked configurations. To obtain more realistic failure load 
predictions for short cracked and uncracked geometries an effective crack length (or 
inherent flaw size) can be used (Anderson et al 1988). This technique predicts a constant 
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failure load for all configurations with cracks smaller than the effective crack length. The 
use of an effective crack length to modify the LEFM failure predictions has very little 
physical justification. It also fails to predict any variation in failure load between short crack 
and uncracked specimens. Another difficulty with this approach is that the correct location 
for the inherent flaw is often unclear in typical unflawed bonded joints (Groth 1988a) 
Hence the use of an effective crack length in combination with LEFM is not a suitable 
solution. Without an effective crack length LEFM cannot be used to predict failure in 
uncracked joints. It is necessary therefore to base a failure criterion on some other 
technique. 
7 .3. Stress/strain characterisation 
7.3 .1. Introduction 
In this section assessments are made of various failure criteria based on the stresses/strains 
at the onset of failure. The two most commonly used failure criteria of this type are, peak 
stress and critical stress intensity factor. The majority of failure criteria for uncracked 
homogeneous systems assume that failure occurs when the peak stress reaches a critical 
value. As mentioned previously, this form of failure criterion is inappropriate for the joints 
under investigation here as all numerical models have singular stress/strain fields. Failure 
criteria based on a critical value of stress intensity factor have been widely used to predict 
failure in cracked geometries (Broek 1982, Kinloch 1987) and more recently at hi-material 
singularities (Groth 1985a, 1988a). Their use in different configurations requires that the 
stress/strain field are of a similar forms. It would not be possible therefore to use a single 
critical stress intensity value for both uncracked and cracked configurations as the order of 
the singularity is different between the two situations. 
As a simple extension to the peak stress failure criterion the value of stress/strain at a point 
a specific distance in front point of singularity can be considered. A failure criterion of this 
form should generally produce similar results for sharp cracked geometries to the results 
that would be obtained using a critical stress intensity factor based criterion (Kinloch 
1987). If the parameter (strength/critical strain) used is of similar magnitude to the critical 
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values used typically for uncracked homogeneous geometries this form of failure criterion 
can be thought of as defining the extent of failed material at the point of catastrophic failure. 
The following two sections assess the applicability of failure criteria of this sort using the 
results from the elastic and elasto-plastic stress analyses respectively. 
7.3.2. Elastic 
Using the results from the elastic analyses discussed in section 5 .4.4 an assessment was 
made of the applicability of a failure criterion based on a critical parameter value at a given 
distance from the point of failure. Such a failure criterion has two parameters: the critical 
value, which could be any strain, stress or energy term, and the distance from the point of 
failure at which it is evaluated. Various parameters were assessed including the peel, 
principal and effective stresses shown in figures 5.24 to 5.31. The best correlation with the 
experimental data was obtained using critical values of peel stress evaluated at 
approximately 300 J..Lm from the crack tip. The critical values were calculated by 
minimising the error between trial failure predictions and the experimental results for the 
long cracked specimen(> 0.5 mm). The procedure followed was similar to that used for 
the calculation oP Gc ·in section 7 .2. The failure predictions obtained are shown in figures 
7.3 and 7.4 compared with the normalised experimental results, and summarised in table 
7 .2. To assess the effect of using a common critical value for the mode I and mixed mode 
configurations, failure predictions were made using the average of the mode I and mixed 
mode optimised critical values. The failure predictions obtained are included in figures 7.3 
and 7 .4. These results show that there is excellent correlation between the failure 
predictions and experimental data. They also demonstrate that one set of parameters can be 
used for groups of specimens with significant variation in the mode of loading. However 
the critical parameters used for these failure predictions appear to have little physical 
significance. This introduces doubt as to whether this failure criterion, with the optimised 
critical parameters obtained here, would produce reasonable predictions for entirely 
different joint geometries and modes of loading. 
Good failure predictions, with a better physical justification, were obtained by using a 
critical value of effective stress equal to the ultimate tensile stress of the adhesive at a 
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distance of 10.4 J.lm for mode I configurations and 21.7 J.lm for mixed mode 
configurations. These failure predictions are shown in figure 7.5 and 7.6 and summarised 
in table 7 .2. It can be seen that the correlation between the predicted failure loads and the 
experimental results, although good, is not as good as that obtained from using the peel 
stress as the critical parameter. However using a critical value of effective stress equal to 
the ultimate tensile stress of the adhesive has some physical significance. The difference in 
the optimum distance for the mode I and mixed mode configurations corresponds with the 
variation of critical energy release rate and plastic zones sizes that are generally observed in 
mode I and mixed mode specimens. Consequently it is likely that the distance is a function 
of the mode of loading which would limit the usefulness of this form of failure criterion. 
Good failure predictions were also obtained using alternative critical values of effective 
stress and critical values of principal stress at appropriate distances from the point of 
singularity. However the correlation between these failure predictions and the experimental 
results were not as good as the failure predictions based on critical peel stress and the 
physical justification for these failure criteria was not as obvious as using a critical effective 
stress equal to the ultimate tensile stress of the adhesive. The two failure criteria presented 
above were therefore considered to be the most important. 
Mode Stress Critical value Distance Cracked Uncracked 
Parameter (MPa) (!lm) RMS Error Error 
I Peel 15.9 300 7.9% 2.0o/o 
Mixed peel 16.5 300 7.3% 6.5% 
I Peel 16.2 300 8.1% 4.1% 
Mixed peel 16.2 300 7.7% 3.8% 
I Effective 40.6 10.4 8.9% 10.5o/o 
Mixed Effective 40.6 21.7 12.0% 25.2% 
Table 7.2:- Summary of failure predictions for stress at a given distance failure criteria based on the results 
from elastic finite element analyses. 
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Figure 7.3:- Mode I predicted failure loads using a critical value of peel stress at a characteristic distance 
from the point of singularity, calculated from linear elastic analyses, compared to experimental results. 
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results. 
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Figure 7.5:- Mode I predicted failure loads using a critical value of modified Von Mises effective stress at a 
characteristic distance from the point of singularity, calculated from linear elastic analyses, compared to 
experimental results. 
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Figure 7.6:- Mixed mode predicted failure loads using a critical value of modified Von Mises effective at a 
characteristic distance from the point of singularity, calculated from linear elastic analyses, compared to 
experimental results. 
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7.3 .3. Elasto-plastic 
The results from elasto-plastic analyses can be used in conjunction with a point value 
failure criterion in a similar manner to the results from the elastic analyses. Predicting 
failure is more complicated when using plastic analyses because there is not a linear 
relationship between the applied load and the magnitude of the point values. It is necessary 
therefore to use results from several analyses of the same configuration under various 
levels of loading to detennine the load at which a critical value at a specific point is reached. 
Various parameters were assessed including the peel and effective stresses and total peel 
strain. In a similar way to the elastic critical point value failure predictions, presented in the 
previous section, the best correlation with the experimental results was obtained from using 
a critical peel stress. The optimum critical peel stresses were determined as 15.2 MPa for 
mode I configurations and 14.4 MPa for mixed mode configurations evaluated at 500 Jlm 
from the point of singularity. It should be noted that these values are slightly different from 
those used for the elastic critical peel stress failure predictions. The failure predictions 
obtained are shown in figures 7.7 and 7.8 and summarised in table 7.3. These results show 
that the correlation with the experimental result obtained from these failure predictions are 
similar to those obtained from the elastic predictions (figures 7.3 and 7.4 and table 7 .2). It 
is also worth pointing out that good failure predictions cal?- be obtained using the critical 
parameters used for the elastic failure predictions. This is not surprising as the point of 
evaluation is well away from the plastic zone and thus there should be very little difference 
in the elastic or elasto-plastic stress field predictions over this region. The comments made 
about the lack of physical justification for the critical peel stress failure parameter used for 
the elastic analyses also apply here. 
Similar to the elastic failure prediction good results were obtained from using a critical 
value of effective stress. Since the analyses were elasto-plastic the ultimate tensile stress of 
the adhesive could not be used as the critical value. Instead 75o/o of the ultimate tensile 
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stress was used. This effectively indicates the edge of the plastic zone. The point of 
evaluation used for these failure predictions was 23 Jlm for mode I configurations and 
4 7 Jlm for mixed mode configurations. The failure predictions obtained are shown in 
figures 7.9 and 7.10 and summarised in table 7.3. The correlation with the experimental 
results is very good especially for mode I specimens. Again, as discussed for the critical 
effective stress failure predictions based on the elastic analyses, this failure criteria has 
some physical meaning. 
Of the other failure parameters assessed it was found that the lower value of effective stress 
evaluated at further distances from the point of singularity and the total peel strain at similar 
distances to the critical peel stress failure predictions produced good results. It was 
anticipated that one or more of the plastic or total strain components evaluated close to the 
point of singularity (representative of a critical crack tip opening displacement) would 
produce good failure prediction but this was found not to be the case. 
Mode Parameter Critical value Distance Cracked Uncracked 
Error Error 
I Peel 14.0 500 8.4o/o 6.2% 
Mixed peel 14.4 500 7.2% 3.7% 
I Effective 30.0 23 8.1% 2.5% 
Mixed Effective 30.0 47 12.0% 16.3% 
Table 7.3:- Summary of failure predictions for stress at a given distance failure criteria based on the results 
from elasto-plastic finite element analyses. 
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Figure 7.7:- Mode I predicted failure loads using a critical value of peel stress at a characteristic distance 
from the point of singularity, calculated from elasto-plastic analyses, compared to experimental results. 
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Figure 7.8:- Mixed mode predicted failure loads using a critical value of peel stress at a characteristic 
distance from the point of singularity, calculated from elasto-plastic analyses, compared to experimental 
results. 
158 
Chapter 7:- Failure criteria for joints 
ＱＮＲＵｾＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭｾ＠
"0 
m 
..Q 
ｾ＠ 0.75 
.2 
:§ 
"0 
Q) 
(/) 
7a E 0.5 
0 
z 
0.25 
o Experimental results 
--+-- Predicted failure loads 
¢ 
<5> ¢ 
¢ 
0 ｾＭＭＭＭＭＭＭＭｾｾＭＭＭＭＭＭＭＭＭｲＭＭＭＭＭＭＭＭＭＭｲＭＭＭＭＭＭＭＭＭＭＫＭＭＭＭＭＭＭＭＭＭＫＭＭＭＭＭＭＭＭＭｾ＠
0 0.5 1.5 2 2.5 3 
Crack length (mm) 
Figure 7.9:- Mode I predicted failure loads using a critical value of modified Von Mises effective stress at a 
characteristic distance from the point of singularity, calculated from elasto-plastic analyses, compared to 
experimental results. 
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Figure 7.10:- Mixed mode predicted failure loads using a critical value of modified Von Mises effective at a 
characteristic distance from the point of singularity, calculated from elasto-plastic analyses compared to 
experimental results. 
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7 .4. Stress controlled separation 
This section discusses a failure criterion based on the crack opening displacement results 
obtained from the stress controlled separation analyses in section 6.4. As discussed in 
section 6.4 such analyses model the separation of two surfaces under controlled stress 
conditions. As the surfaces separate, energy is transferred to the non-linear springs in the 
separating region. The energy absorbed by a spring is equal to the integral of the force 
times displacement. Since the stress applied across the separating surfaces was kept 
constant for these analyses the energy absorbed by a spring is equal to the limiting stress 
multiplied by the distance between springs multiplied by the extension of the spring. If the 
material at the crack tip ruptures (i.e. the stress carried by the material reduces to zero and 
further separation is unconstrained) when the energy per unit area reaches a critical value 
failure can be determined from a critical extension of the spring at the crack tip. If failure is 
catastrophic, then the crack will continue to propagate with the material in front of the crack 
tip absorbing the critical energy before it ruptures. As stated previously the energy 
absorbed is directly related to the surface separation. Thus to determine the onset of failure 
only the separation at the crack tip (i.e. the extension of the first spring) is required. This 
displacement is similar to the crack tip opening displacement sometimes used as a failure 
criteria for ductile fracture problems (Broek 1982). 
This form of failure criterion was used to obtain failure predictions based on limiting 
stresses of 40.6 MPa and 25 MPa (the results of the analyses presented in section 6.4). 
To calculate the optimal values for the critical crack opening displacement, an error 
minimisation procedure similar to that used in section 7.2 to calculate Gc was adopted. The 
predicted failure load for a given joint configuration and critical displacement were 
determined from the results presented in figures 6.14 to 6.17 and the typical failure loads in 
table 6.1. The failure predictions obtained are shown in figure 7.11 and 7.12 along with the 
experimental results and are summarised in table 7 .4. The correlation with the experimental 
results is generally good with the exception of the predicted failure loads for the uncracked 
configurations. Changing the limiting stress changes the critical displacement and predicted 
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failure loads for the uncracked configurations, but does not appear to alter the form of the 
failure prediction for the cracked configurations. Using the critical displacement and the 
limiting stress the associated critical energy per unit area were calculated. The values 
obtained are given in table 7.5. Comparing these values with the critical energy release rates 
obtained for the linear elastic fracture mechanics failure prediction in section 7.2 it can be 
seen that there is excellent correlation regardless of the limiting stress used. A failure 
criteria based on the crack tip displacements from stress controlled separation analyses is 
obviously closely related to fracture mechanics yet it predicts finite failure loads for the 
uncracked configurations. It therefore has good physical justification relating both to the 
energy absorbed during failure and to the local deformations in the material about to fail at 
the crack tip. There is a further similarity to linear elastic fracture mechanics in that different 
magnitudes of the critical values are required for mode I and mixed mode configurations 
which is a serious limitation of this form of failure criterion. As stated for linear elastic 
fracture mechanics, this difference is due to the variation in the size of the plastic zone. 
Mode Limiting stress Critical Cracked Uncracked 
(MPa) displacement (J..Lm) Error Error 
I 40.6 1.38 7.9% 57.6% 
Mixed 40.6 1.81 7.8% 53.2% 
I 25 2.26 7.8% 33.7% 
Mixed 25 2.95 7.7% 31.9% 
Table 7.4:- Summary of failure predictions for based on the results from stress controlled separation 
analyses. 
Mode Limiting stress Critical Critical energy 
(MPa) displacement (J..Lm) (kJfm2) 
I 40.6 1.38 0.056 
Mixed 40.6 1.81 0.073 
I 25 2.26 0.057 
Mixed 25 2.83 0.074 
Table 7.5:- Critical energy release rates obtained from stress controlled separation analyses. 
161 
Chapter 7:- Failure criteria for joints 
ＱＮＶｾＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭＭｾ＠
o Experimental results 
-o--- Failure prediction using UTS 
1.2 
--o--- Failure predictions using 25 
MPa "C C\1 
..Q 
ｾ＠
.2 
ｾ＠
"C 0.8 Q) 
.!a (ij ¢ ¢ ¢ 
E 
0 
z ¢ 
0.4 
0 0.5 1.5 2 2.5 3 
Crack length (mm) 
Figure 7.11:- Mode I predicted failure loads based on a critical value of crack tip opening displacement, 
calculated from stress controlled separation analyses, compared to experimental results. 
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Figure 7.12:- Mixed mode predicted failure loads based on a critical value of crack tip opening displacement, 
calculated from stress controlled separation analyses, compared to experimental results. 
162 
Chapter 7:- Failure criteria for joints 
7.5. Discussion 
Comparing all of the failure criteria presented in this chapter it can be seen that at long crack 
lengths all of the criteria provide a good failure prediction. The important differences 
between the various types of failure criteria are: (i) the correlation of critical parameter as 
the mode of loading is changed; (ii) the predictions for uncracked configurations; and (iii) 
the degree of physical justification. The elastic and elasto-plastic stress characterisation 
criteria based on the peel stress, shown in figures 7.3, 7.4, 7.7 and 7.8 and tables 7.2 and 
7.3, both show good correlation between mode I and mixed mode critical values. They also 
predict reasonable values for the uncracked configurations. However the distances used for 
the point value criteria are really too large to characterise the stress state at the crack tip and 
the critical value of peel stress is low compared to the ultimate tensile strength of the 
adhesive. These criteria · therefore have little physical justification. In contrast, the stress 
characterisation criterion based on a critical effective stress equal to the ultimate tensile 
stress of the adhesive, shown in figures 7.5, 7.6, 7.9 and 7.10 and summarised in tables 
7.2 and 7 .3, has some physical justification but does not shown such good correlation with 
the experimental results and requires different evaluation distances for the mode I and 
mixed mode configurations. The variation in the mode I and mixed mode evaluation 
distances is undesirable from the point of view of developing a universally applicable 
failure criterion. It does correspond however with the difference in the critical energy 
release rate and plastic zones sizes that are generally observed in mode I and mixed mode 
specimens. The fact that good failure predictions can be obtained with this form of stress 
characterisation criterion indicates that the plastic zone size at the failure load is similar for 
uncracked and cracked configurations under the same mode of loading. Linear elastic 
fracture mechanics is well established and has good physical justifications but the failure 
prediction for the uncracked configurations is infinite and there is considerable variation 
between the mode I and mixed mode critical energy release rates. However the good failure 
predictions for the configurations with crack lengths greater than 0.5 mm indicates that 
failure in these configuration is governed by the energy requirements of the failure process. 
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It also suggests that failure in the short cracked and uncracked configurations may be 
governed by similar energy requirement but the method of evaluating the balance is 
incorrect. Since the energy requirementsare dominated by plastic work this hypothesis is 
substantiated by the consistency of the plastic zones sizes as indicated by the results from 
stress characterisation criterion based on a critical effective stress. The final type of failure 
criterion presented used the crack opening displacement from stress controlled separation 
analyses. This form of failure criterion is essentially the same as linear elastic fracture 
mechanics for configurations where the equilibrium length of the stress controlled region is 
small compared to the crack length. However as the crack length becomes small this 
condition is no longer satisfied and alternative failure predictions are obtained. Of particular 
importance is the fact that finite failure load prediction can be obtained for uncracked 
configurations even though the value obtained is high in comparison with the experimental 
results. In a similar way to linear elastic fracture mechanics the critical parameter varies 
considerably between mode I and mixed mode configurations which is a result of the 
difference in the plastic zone sizes for mode I and mixed mode configurations. Although 
this form of failure criterion does not provide the most accurate failure load predictions it 
offers the best prospects for further development. 
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8 . Conclusions and further work 
8 .1. Introduction 
In this chapter the main findings presented in this thesis are reviewed and discussed along 
with suggestions for further work. The chapter is divided into five sections covering: the 
bulk adhesive test program, the joint test program, the finite element analyses, the 
assessment of failure criteria and possible areas for further development. 
8.2. Bulk adhesive test program 
The bulk material tests of E27 adhesive presented in chapter 3 provided a range of material 
data. The data obtained were consistent with other adhesives of a similar type. It was found 
that the ultimate tensile stress of the adhesive was logarithmically dependent on the strain 
rate, the modulus was essentially independent of strain rate and the yield point was at a 
fixed stress below the ultimate tensile stress. Using this information a simple empirical 
model was developed to represent the rate dependent nature of the stress-strain behaviour. 
It was found also that E27 was quite temperature sensitive exhibiting a 16.7% decrease in 
the ultimate tensile stress for a 1 0°C temperature rise. The ratio of yield stress -in simple 
compression to the yield stress in simple tension (S) was determined as a function of the 
level of equivalent uniaxial plastic strain for both strain and work hardening. In both cases 
S was found to be nominally constant, with a value of 1.2. 
To obtain this ratio (S) a new method of interpreting the data from four point bend 
specimens was developed. This technique constructs both the compressive and tensile 
stress-strain curves in an incremental manner from the variation of the tensile and 
compressive surface strains (measured using strain gauges) with increasing applied 
moment. The technique assumes that the material behaviour is independent of strain rate 
and thus the strain rate variation through the thickness of the four point bend specimen is 
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neglected. Although the stress-strain behaviour of the adhesive used for this research 
program has been demonstrated to be sensitive to the test rate, the tensile stress-strain 
behaviour predicted from the four point bend analyses compared favourably with those 
obtained from simple flat tensile tests. As well as providing a simple means of obtaining 
both tensile and compressive stress-strain behaviour this form of test is much less sensitive 
to defects in the test specimens. This is particularly important for brittle adhesives. 
8.3. Joint test program 
A cleavage type specimen was developed to study interfacial fracture in an 
aluminium/epoxy joint under various modes of loading. This provided data that has been 
used as a reference for the assessment of various failure criteria. 
The tests carried out allowed the form of the relationship between failure load and 
interfacial crack length to be determined for two modes of loading (nominally mode I and a 
mixed mode of loading). Considerable scatter was found in the test results between 
different manufacturing batches. It was felt that this was due to the sensitivity of interfacial 
crack propagation to small variations in the conditions at the interface. The results indicate 
that as the crack length becomes small the failure load tends to that of the uncracked 
configuration. This was found to be true for both mode I and mixed mode loaded 
specimens. From examination of the failure surfaces it was possible to estimate, for a large 
number of the test specimens, the distance across the width of the specimen of the point of 
failure initiation. It was found that the preferred site of failure initiation was approximately 
3 mm from the centre of the joint in the mode I loaded specimens and approximately 5 rnm 
from the centre of the joint in the mixed mode specimens (the joint width was 24 mm). The 
reasons why the preferred sites of failure initiation are at these locations was not 
determined. A range of other information was also obtained from the joint tests including 
data on loading rate and the uncracked specimen compliance. Some X ray photoelectron 
spectroscopy was also carried out to assess the amount of adhesive left on the substrates 
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after failure. These analyses showed that initial failure was purely adhesive (i.e. interfacial) 
in nature. 
8.4. Finite element analyses 
To determine the conditions within the test joint at the failure load and to assess the 
applicability of various failure criteria, joint stress distribution results were required. Finite 
element analyses were therefore carried out. The nature of the stress/strain fields in the joint 
configurations of the present study required an efficient method of mesh refinement around 
points of singularity on hi-material interfaces. The scheme adopted used conventional eight 
noded isoparametric elements in a radial configuration focused on the point of singularity 
similar to that presented by Malone (1986). A series of analyses were carried out for the 
problem of a centre loaded crack between two infinite half planes for which an analytical 
solution exists. These analyses have shown that this form of mesh refinement produces 
good results and an optimum level of refinement was determined. 
It was also recognised that the most detailed analyses should include the effects of elasto-
plastic material behaviour. To be applicable to adhesives a plasticity implementation based 
on a hydrostatic stress sensitive yield criterion is required. The finite element package used 
for the analyses in this thesis did not have these capabilities. It was necessary therefore to 
write appropriate plasticity routines that could be linked with the commercial program. A 
new formulation was developed that allowed hardening to be a combination of isotropic 
and kinematic with one constant determining the ratio. Using a simple model the accuracy 
of these routines was assessed and found to be good. 
Extensive analyses were carried out on the joint configuration for which experimental 
results were obtained. These included linear elastic three-dimensional and two-dimensional 
analyses, elasto-plastic two-dimensional analyses and a range of stress controlled 
separation analyses in which non linear effects were localised along a line ahead of the 
point of singularity which was allowed to separate, simulating rupture processes. 
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The results from the three-dimensional analyses reveal some very interesting points. It was 
shown that the adhesive was in a state of plane strain over most of the width of the joint 
whereas the substrates were only in a state of plane strain over a small region at the centre 
of the joint. The greater extent of the plane strain region in the adhesive was attributed to 
the stiff substrates constraining the adhesive layer. The stresses in the adhesive were 
highest over the plane strain region away from the edges of the joint indicating that failure 
should occur in this region. This agrees with the experimental observations. Fortunately the 
preferred site of failure initiation was also within the region for which the substrate was in a 
state of plane strain. Thus it was shown that it was valid to use two-dimensional plane 
strain analyses for the detailed failure criteria assessments. It was observed also from the 
three-dimensional analyses that the load transfer through the adhesive layer was not 
constant across the width of the joint and considerably different from the average load per 
unit width which is typically applied to two-dimensional models. To compensate for this 
corrected loading was determined and it was demonstrated that this form of correction 
significantly reduced the error in the stresses obtained from two-dimensional analyses. 
From the linear elastic and elasto-plastic analyses, stress field results were obtained. The 
elastic results showed clearly stress and strain field singularities for both the cracked and 
uncracked geometries. Each had a different strength of singularity. For very short crack 
lengths it was noted that the typical crack tip singular stress field dominated up to 
approximately a distance equal to the crack length from the crack tip. Beyond this distance 
the stress field was similar to that of the uncracked geometry. For the elasto-plastic 
analyses the stress field singularity was lost but the strain fields remained singular. It was 
noted also that the strength of the strain field singularities for the uncracked and cracked 
geometries were similar. This indicated that in the presence of plasticity the strength of the 
singularity is more dependent on the form of the stress-strain behaviour than on the local 
geometry 
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8.5. Assessment of failure criteria 
The results from the two-dimensional linear elastic, elasto-plastic and stress controlled 
separation analyses were used to assess the applicability of various failure criteria. The 
failure criteria assessed were based on three different approaches: stress/strain field 
characterisation, linear elastic fracture mechanics and stress controlled separation. All of the 
criteria produced a good failure prediction for the long cracked geometries. The important 
differences between the various types of failure criteria were: (i) the correlation of critical 
parameter as the mode of loading was changed; (ii) the predictions for uncracked 
configurations; and (iii) the degree of physical justification. The most accurate failure 
predictions were obtained from stress characterisation criteria using a critical value of peel 
stress either from elastic analyses at 300 ｾｭ＠ from the point of singularity or from 
elasto-plastic analyses at 500 ｾｭ＠ from the point of singularity. This criterion produced 
good results for both mode I and mixed mode configurations using the same critical value 
as well as predicting accurately the failure load for the uncracked configurations. However 
the distances used for the point value criteria were really too large for the associated stress 
to characterise the stress state at the crack tip and the critical value of peel stress was low 
compared to the ultimate tensile strength of the adhesive. These criteria therefore have little 
physical justification. A stress characterisation criterion based on a critical effective stress 
equal to the ultimate tensile stress of the adhesive was also assessed. This had far more 
physical justification but did not show as good a correlation with the experimental results 
and required different evaluation distances for the mode I and mixed mode configurations. 
The variation in the mode I and mixed mode evaluation distances is undesirable from the 
point of view of developing a universally applicable failure criteria. It does however 
correspond with the difference in the critical energy release rate and plastic zones sizes that 
are generally observed in mode I and mixed mode specimens. The fact that good failure 
predictions can be obtained with this form of stress characterisation criterion indicated that 
the plastic zone size at the failure load was similar for uncracked and cracked configurations 
under the same mode of loading. Linear elastic fracture mechanics was also assessed. This 
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form of failure criterion is well established and has good physical justification. However 
the failure prediction for the uncracked configurations is infinite and there is considerable 
variation between the mode I and mixed mode critical energy release rates. Good failure 
predictions were obtained for the configurations with crack lengths greater than 0.5 mm. 
This indicates that failure in these configuration was governed by the energy requirements 
of the failure process. It suggested also that failure in the short cracked and uncracked 
configurations may be governed by similar energy requirement, but that the method of 
evaluating the energy balance is incorrect. Since the energy requirement is dominated by 
plastic work this hypothesis is substantiated by the consistency of the plastic zones sizes as 
indicated by the results from stress characterisation criterion based on a critical effective 
stress. The final type of failure criterion assessed used the crack opening displacement from 
stress controlled separation analyses. This form of failure criteria is essentially the same as 
linear elastic fracture mechanics for configurations where the equilibrium length of the 
stress controlled region is small compared to the crack length. However, as the crack length 
becomes small this condition is no longer satisfied and alternative failure predictions are 
obtained. The crack opening displacement is used as a critical parameter and can be related 
to a critical energy absorption per unit area. The critical energy absorption was found to be 
equal to the critical energy release rate obtained from linear elastic fracture mechanics. This 
establishes the physical justification of this form of criterion as a means of evaluating the 
energy balance required for failure to occur. This failure criterion produced finite failure 
load predictions for the uncracked configurations which is a considerable improvement 
over linear elastic fracture mechanics even though the values obtained were high in 
comparison with the experimental results. 
8.6. Future work 
There are a number of areas covered in this thesis which could be extended in future work. 
The four point bend analysis technique presented in section 3.4 has proven to be a simple 
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and convenient method of obtaining material data. This technique could be extended to 
incorporate a correction for the varying strain rate through the thickness of the specimen. 
Three-dimensional analyses of alternative adhesive joint geometries should be carried out to 
determine if the observations made in this thesis are applicable to other joint configurations. 
Of particular interest would be the extent of the plane strain region .and the variable in the 
load transfers across the width of the joint. 
The experimental investigation could be extended in two areas. Firstly, it would be useful 
to carry out a range of tests in which the primary variation was the strength of the 
singularity. This can be altered by changing the wedge angles at the terminus of the 
adhesive layer. Secondly, it would be useful to repeat some of the work with a much more 
ductile adhesive. 
Although good failure predictions have been obtained, none of the failure criteria presented 
could be considered as universally applicable to failure at a point of singularity. The best 
prospects for further development are offered by the failure criteria based on the crack 
opening displacement from stress controlled separation analyses. It may be possible to 
extend the stress controlled separation analysis technique to include the plasticity in the 
surrounding adhesive, in which case the energy obtained from the crack opening 
displacements would not include a plastic work component, but would be closely related to 
the surface energy. It may then be possible to use one critical displacement/energy for a 
wide range of joint geometries and loading configurations. 
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Appendix: Plasticity routines 
This appendix contains the plasticity routines used for the elasto-plastic analyses presented 
in chapter 6. 
Plastic flow routine 
C23456789 123456789 123456789 123456789 123456789 123456789 123456789 123456789 
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THE FOLLOWING SET OF ROUTINES ALLOW ANSYS4.4A TO BE USED 
IN POLYMERIC PLASTICITY PROBLEMS WHERE THE YIELD STRESS 
IS DEPENDENT ON THE LEVEL OF HYDROSTATIC STRESS. 
FOR THIS PURPOSE {RAGHAVA AND CADDELL} MODIFIED VON MISES 
YIELD CRITERIA HAS BEEN USED. 
HARDENING IS A COMBINED FORM OF KINEMATIC AND ISOTROPIC 
DEPENDENT ON THE EQUIVALENT PLASTIC STRAIN. 
(THE SUMMATION OF THE MAGNITUDES OF THE PLASTIC STRAIN 
VECTORS FROM EACH INCREMENT) 
NON-LINEAR MATERIAL PROPERTIES ARE GIVEN BY UPTO ELEVEN 
POINTS ON THE STRESS EQUIVALENT PLASTIC STRAIN CURVE. 
WRITTEN BY: GUY RICHARDSON 11 DEC 1990 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
****************************************************************** 
SUBROUTINE USERPL (IEL,NCOMP,TEMP,DELTEM,CM,E,POSN,PROPNL, 
X EPEL,EPPL,EPSHFT,STATEV,EPEQ,SIGRAT,SIGEPL,DELEP) 
INCLUDE "IMPCOM" 
C **** SEE SUBROUTINE SERSUB TO EXPLAIN SERVICE SUBROUTINES 
c 
c 
c 
c 
c 
c 
EXTERNAL VAMB,VMULT,VDOT,VAPCBl,MAXV,INTRP,VAMB1,VAPB1,VMULT1, 
X SERSUB 
INTEGER NCOMP,IEL,KYOFF,I,IEPINC 
DOUBLE PRECISION 
X EPPL{NCOMP),EPEL(NCOMP),PROPNL(48),EPSHFT(NCOMP),STATEV(5*NCOMP), 
X EP(6},SIG(6),CM(NCOMP,NCOMP),SIGYS(6),DFDS(6},WORK(6),DELEP, 
X SIGEPL,SIGEQ,SIGY,SLOPE,DEP(6),SFACT,EPEQ,DPEPS, 
X SIGRAT,TEMP,CON,E(NCOMP),POSN(*}, 
X DENOM,DEPPL(6),DELTEM,EAVE,POSAVE,VDOT, 
X DP0P67,DP1P5,DPTHRE,DPEIGH, 
X DPS,ISOFAC,SIGYO,YSSLIM,EPINC,FSIGEQ 
X ,SIGS{4) 
INCLUDE "STCOM" 
DATA DPEPS /1.0D-8/ 
DATA DPOP67,DP1P5,DPTHRE,DPEIGH 
X /0.66666667D0,1.5D0,3.0D0,8.0DO/ 
172 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
Appendix: Plasticity routines 
THIS ROUTINE CALCULATES THE PLASTIC STRAIN USING THE (RAGHAVA AND 
CADDELL) MODIFIED VON MISES YIELD CRITERIA WITH MULTILINEAR COMBINE 
ISOTROPIC AND KINEMATIC HARDENING. HARDENING IS CONSIDERED TO BE 
A FUNCTION OF THE EQUIVALENT PLASTIC STRAIN CALCULATED BY SUMMING 
THE MAGINTUDE OF THE PLASTIC STRAIN VECTORS FROM EACH INCREMENT. 
VARIABLE DESCRIPTIONS: 
INPUT: 
IEL - ELEMENT NUMBER 
NCOMP - NUMBER OF STRESS AND STRAIN COMPONENTS (1,4 OR 6) 
NOTE: 4 COMPONENT ORDERING OF INPUT AND OUTPUT QUANTITIES IS 
X,Y,Z,XY AND FOR 6 COMPONENT QUANTITIES IT IS X,Y,Z,XY,YZ,XZ. 
TEMP - CURRENT TEMPERATURE OF THIS INTEGRATION POINT 
DELTEM - TEMPERATURE INCREMENT BETWEEN THE PREVIOUS ITERATION AND THIS 
ITERATION 
E - VECTOR OF YOUNG'S MODULI IN EACH DIRECTION (X,Y,Z) 
POSN -VECTOR OF POISSON'S RATIOS IN EACH DIRECTION (XY,YZ,XZ) 
CM - STRESS-STRAIN MATRIX 
PROPNL - THE NL TABLE, E.G. PROPNL(13) = C13, ETC. FOR THIS MATERIAL 
Cl4-24 ARE EQUIVALENT PLASTIC STRAIN POINTS, C25-35 ARE 
THE STRESS RELATIVE STRESSES, C36 IS THE ISOTROPIC TO 
KINEMATIC HARDENING FACTOR (IF ISOFAC=l MATERIAL IS HARDENS 
PURELY ISOTROPICLY, IF ISOFAC=O MATERIAL HARDENS KINEMATICLY), 
C37 IS THE RATIO OF COMPRESSIVE YIELD TO TENSILE YIELD 
EPEL -MODIFIED TOTAL STRAIN, EPTOT- EPPL- EPTHERM- ... 
EPPL - TOTAL PLASTIC STRAIN, NOT INCLUDING THIS ITERATION 
EPSHFT - SHIFT STRAIN FOR KINEMATIC HARDENING, I.E. THE CENTER OF THE 
YIELD SURFACE 
STATEV - STATE VARIABLES (5*NCOMP ITEMS AVAILABLE) 
NOTE: THIS STORAGE IS AVAILABLE ONLY FOR ELEMENT TYPES WITH CREEP 
CAPABILITY 
OTHERS (TIME,DELTIM,ITTER,ETC) - SEE VARIABLES IN THE COMMON "STCOM" 
OUTPUT: 
- ELASTIC STRAIN 
- UPDATED PLASTIC STRAIN 
- UPDATED SHIFT STRAIN 
EPEL 
EPPL 
EPSHFT 
EPEQ - EQUIVALENT PLASTIC STRAIN (NEGATIVE IF NO INCREMENT THIS 
ITERATION) 
SIGRAT - RATIO OF CURRENT STRESS STATE TO YIELD STRESS (IDENTIFIED 
IN THE OUTPUT AS NUEQ) 
SIGEPL - STRESS AT STRAIN EPEQ ON THE STRESS-STRAIN CURVE 
DELEP - EFFECTIVE PLASTIC STRAIN INCREMENT (USED FOR COMPUTING THE 
PLASTICITY RATIO) 
INTERNAL: 
EAVE - AVERAGE YOUNG'S MODULUS 
POSAV - AVERAGE POISSON'S RATIO 
SIGY - YIELD STRESS AT THIS TEMPERATURE 
SLOPE - PLASTIC SLOPE OF THE STRESS-STRAIN CURVE AT THIS TEMPERATURE 
EP - MODIFIED STRAIN MINUS THE SHIFT STRAIN, EPEL - EPSHFT 
SIG - STRESS BASED ON EP, CM*EP 
SIGEQ - EQUIVALENT (RAGHAVA) STRESS COMPUTED FROM SIG 
SIGYS - STRESS STATE ON YIELD SURFACE OBTAINED BY SCALING SIG 
DEP - STRAIN INCREMENT OUTSIDE THE YIELD SURFACE 
DFDS - DERIVATIVE OF THE YIELD SURFACE 
DEPPL - PLASTIC STRAIN INCREMENT 
DPS - RATIO COMPRESSIVE/TENSILE YIELD STRESSES 
ISOFAC - FRACTION OF HARDENING EFFECT THAT IS ISOTROPIC 
SIGYO - INITIAL YIELD STRESS 
YSSLIM - YIELD SURFACE STRESS LIMIT FOR COMPARISON WITH SIGEQ 
IEPINC - NUMBER/COUNTER OF STRAIN INCREMENTS 
EPINC - FRACTION OF EP TO BE REDUCED IN PLASTIC FLOW 
EPPL,EPSHFT,SIGRAT AND EPEQ ARE SAVED BETWEEN ITERATIONS ON FILE3 
**** DUMMY LOGIC TO USE UNUSED VARIABLES **** 
CON = DBLE (IEL}*STATEV(l)*DELTEM*TEMP 
***************************************** 
* 
* MAIN CODE STARTS HERE 
* 
* 
* 
***************************************** 
***** INITIALIZE VARIABLES ***** 
SIGEPL = DPZERO 
DELEP = DPZERO 
SIGRAT = DPZERO 
EPEQ = DABS(EPEQ) 
173 
Appendix: Plasticity routines 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
100 
***************************************** 
* 
* 
* 
CHECK FOR YIELDING * 
* 
***************************************** 
***** GET MATERIAL PROPERTIES ***** 
* GET AVERAGE MODULUS AND POISSON'S RATIO 
IF (NCOMP.EQ.l) THEN 
EAVE = E(l) 
POSN(l) = DPHALF 
POSAVE = POSN(l) 
ELSE 
EAVE= (E{l) + E{2) + E(3))/DPTHRE 
POSAVE = POSN{l) 
IF (NCOMP.EQ.6l POSAVE = (POSN(l) + POSN{2) + POSN(3))/DPTHRE 
END IF 
* GET THE YIELD STRESS FOR CURRENT STATE 
CALL INTRP {0,0,1,EPEQ,PROPNL{l4),PROPNL(25),SIGY,ll,KYOFF) 
* DERTERMINE SLOPE 
I = 14 
I = I+l 
IF (PROPNL{I) .LE.EPEQ) GOTO 100 
SLOPE= (PROPNL(I+ll)-PROPNL{I+lO))/{PROPNL{I)-PROPNL(I-1)) 
* GET OTHER NON-LINEAR MATERIAL CONSTANTS 
ISOFAC = PROPNL(36) 
DPS = PROPNL ( 3 7) 
SIGYO = PROPNL{25) 
***** CALCULATE PARAMETERS FOR YIELD SURFACE ***** 
* SUBTRACT SHIFT STRAIN FROM ELASTIC STRAINS 
INTRP 
CALL VAMB (EPEL(l),EPSHFT(l),EP(l), NCOMP) VAMB 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
* CALCULATE YIELD SURFACE STRESS LIMIT 
YSSLIM = SIGYO+ISOFAC*(SIGY-SIGYO) 
***** COMPUTE THE EQUIVALENT STRESS ***** 
* CALCULATE STRESSES RELATIVE TO YIELD SURFACE 
CALL MAXV (CM(l,l),EP(l),SIG(l), NCOMP,NCOMP) 
SIGEQ = FSIGEQ{SIG{l),NCOMP,DPS) 
* COMPUTE ACTUAL STRESS/YIELD STRESS FOR PRINTOUT PURPOSES 
IF (YSSLIM.GT . DPEPS) SIGRAT = SIGEQ/YSSLIM 
***** GOTO END IF NOT YIELDED ***** 
IF ((SIGEQ.LT.DPEPS) .OR. (SIGRAT-DPONE.LT.DPEPS)) THEN 
EPEQ = -EPEQ 
GOTO 800 
END IF 
***************************************** 
* CALCULATION OF PLASTIC FLOW 
* 
***************************************** 
***** CALCULATE NUMBER OF STRAIN INC. STEPS ***** 
IEPINC = INT((SIGRAT-DPONE)*DPEIGH)+l 
MAXV 
FSIGEQ 
C ******************************************************************* MAIN LOOP START 
c 
C ***** CALCULATE SCALE FACTOR ***** 
c 
200 SFACT = YSSLIM/SIGEQ 
c 
c 
c 
C ***** SCALE THE CURRENT STRESS STATE TO THE YIELD SURFACE ***** 
174 
Appendix: Plasticity routines 
c 
c 
c 
c 
CALL VMULT (SIG(l),SIGYS(l), NCOMP,SFACT) 
C ***** CALCULATE THE REQUIRED STRAIN REDUCTION ***** 
c 
c 
c 
c 
EPINC = ((DPONE-SFACT)/DFLOAT(IEPINC)) 
CALL VMULT (EP(l),DEP(l), NCOMP,EPINC) 
C ***** CALCULATE THE DERIVATIVE OF THE YIELD FUNCTION ***** 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
300 
CALL DFBYDS (SIGYS(l),DFDS(l),NCOMP,DPS) 
***** CALCULATE THE PLASTIC STRAIN INCREMENT ***** 
* WORK = CM * DF/DS 
CALL MAXV (CM(l,l),DFDS(l),WORK(l), NCOMP,NCOMP) 
* DENOM = SLOPE + WORK * DF/DS 
DENOM =SLOPE+ VDOT(WORK(l),DFDS(l),NCOMP) 
* DELEP = WORK * DEP I DENOM 
DELEP = VDOT(WORK(l),DEP(l),NCOMP)/DENOM 
* DEPPL = DELEP * DF/DS 
CALL VMULT (DFDS(l),DEPPL(l), NCOMP,DELEP) 
***** UPDATE THE STRAINS ***** 
* UPDATE THE PLASTIC STRAINS 
CALL VAPBl (EPPL(l),DEPPL(l), NCOMP) 
* UPDATE THE ELASTIC STRAINS 
CALL VAMBl (EPEL(l},DEPPL(l), NCOMP) 
* UPDATE THE SHIFT STRAIN FOR KINEMATIC HARDENING 
IF (ISOFAC.LT.DPONE) THEN 
CON= (1 - ISOFAC) *SLOPE I VDOT(WORK(l),DFDS(l),NCOMP) 
CALL VAPCBl (EPSHFT(l),DEPPL(l), NCOMP,CON) 
END IF 
* UPDATE THE EQUIVALENT PLASTIC STRAIN 
EPEQ = EPEQ + DSQRT(VDOT(DEPPL,DEPPL,NCOMP)*DPOP67) 
EPEQ = EPEQ + DABS(DELEP) 
CALL MAXV (CM(l,l),EPSHFT(l),SIGS(l}, NCOMP,NCOMP) 
* 
* 
* 
* 
***************************************** 
CALCULATION OF STRESSES FOR 
NEXT INCREMENT 
* 
* 
* 
* 
***************************************** 
***** SKIP IF LAST INCREMENT ***** 
IF (IEPINC.NE.l) THEN 
***** GET CURRENT MATERIAL PROPERTIES ***** 
* GET THE YIELD STRESS FOR CURRENT STATE 
CALL INTRP (0,0,1,EPEQ,PROPNL(14),PROPNL(25),SIGY,ll,KYOFF) 
* DERTERMINE SLOPE 
I = 14 
I = I+l 
IF (PROPNL(I) .LE.EPEQ) GOTO 300 
SLOPE= (PROPNL(I+ll)-PROPNL(I+lO))/(PROPNL(I)-PROPNL(I-1)) 
***** CALCULATE NEW YIELD SURFACE PARAMETERS ***** 
* SUBTRACT SHIFT STRAIN FROM ELASTIC STRAINS 
CALL VAMB (EPEL(l),EPSHFT(l),EP(l), NCOMP) 
* CALCULATE YIELD SURFACE STRESS LIMIT 
YSSLIM = SIGYO+ISOFAC*(SIGY-SIGYO) 
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VMULT 
VMULT 
MAXV 
VDOT 
VDOT 
VMULT 
VAPBl 
VAMBl 
VDOT 
VAPCBl 
MAXV 
INTRP 
VAMB 
c 
c 
c 
c 
c 
c 
***** CALCULATE THE EQUIVALENT STRESS 
Appendix: Plasticity routines 
* CALCULATE STRESSES RELATIVE TO YIELD SURFACE 
CALL MAXV (CM(l,l),EP(l),SIG(l), NCOMP,NCOMP) 
SIGEQ = FSIGEQ(SIG(l),NCOMP,DPS) 
MAXV 
CALL MAXV (CM(l,l),EPEL(l),SIGS(l), NCOMP,NCOMP) MAXV 
c 
c 
c 
C ***** DECREMENT COUNTER ***** 
c 
c 
c 
c 
IEPINC = IEPINC-1 
GOTO 200 
END IF 
c 
c 
c 
******************************************************************* MAIN 
c 
c 
c 
c 
c 
c 
c 
c 
800 
c 
c 
c 
* 
* 
***************************************** 
DEFINE OTHER OUTPUT PARAMETERS 
* 
* 
* 
***************************************** 
***** CALCULATE THE EQUIVALENT STRESS (SIGEPL) 
SIGEPL = SIGY 
***** 
LOOP END 
c ***** INSURE THAT SIGRAT (ACTUAL STRESS/YIELD STRESS) IS GREATER THAN 0 ***** 
c 
c 
c 
IF (SIGRAT.LT.DPZERO) SIGRAT = DPZERO 
RETURN 
END 
Elasto-plastic stress-strain matrix routine 
c 
c 
c 
c 
SUBROUTINE USERCM (CM,E,POSN,TEMP,DELTEM,EPEL,EPPL,EPSHFT,EPCRP, 
X STATEV,EPEQ,PROPNL,NCOMP,KPLST,CMEP) 
INCLUDE "IMPCOM" 
C **** SEE SUBROUTINE SERSUB TO EXPLAIN SERVICE SUBROUTINES 
EXTERNAL VAMB,VDOT,MAXV,MAAT,MATSYM,VZERO,VMULTl,VMOVE,INTRP 
c 
c 
c 
INTEGER NCOMP,KPLST,I,J,KYOFF 
DOUBLE PRECISION 
X CM(NCOMP,NCOMP),E(*),POSN(*),TEMP,DELTEM,EPEL(NCOMP),EPPL(NCOMP), 
X EPSHFT(NCOMP),EPCRP(NCOMP),STATEV(S*NCOMP),EPEQ,PROPNL(48), 
X CMEP(NCOMP,NCOMP),EP(6),SIG(6),DFDS(6),SIGEQ,SIGY,SLOPE,EAVE, 
X DENOM,CON,VDOT,CMP(6,6),WORK(6),DPEPS, 
X DPS,ISOFAC,SIGYO,YSSLIM,FSIGEQ 
C SEE USER ELEMENT STlOO LISTING FOR A DESCRIPTION OF STCOM VARIABLES 
c 
c 
c 
c 
c 
INCLUDE "STCOM" 
DATA DPEPS /l.OD-6/ 
C THIS ROUTINE CALCULATES THE TANGENT STRESS-STRAIN MATRIX AT AN 
C INTEGRATION POINT. THE ELASTO-PLASTIC [D) MATRIX IS FOR (RAGHAVA AND 
C CADDELL) MODIFIED VON MISES YIELD CRITERIA WITH COMBINED ISOTROPIC AND 
C KINEMATIC MULTILINEAR HARDENING. 
c 
C VARIABLE DESCRIPTIONS: 
C INPUT: 
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c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
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c 
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c 
c 
c 
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c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
100 
c 
c 
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CM - ELASTIC STRESS-STRAIN MATRIX (ALWAYS IN 3-D FORM) 
E - VECTOR OF YOUNG'S MODULI IN EACH DIRECTION (X,Y,Zl 
-VECTOR OF POISSON'S RATIOS IN EACH DIRECTION (XY,YZ,XZ) 
- CURRENT TEMPERATURE OF THIS INTEGRATION POINT 
POSN 
TEMP 
DELTEM - TEMPERATURE INCREMENT BETWEEN THE PREVIOUS ITERATION AND THIS 
ITERATION 
EPEL - ELASTIC STRAIN 
EPPL - TOTAL PLASTIC STRAIN 
EPSHFT - SHIFT STRAIN FOR KINEMATIC HARDENING, I.E., THE CURRENT 
CENTER OF THE YIELD SURFACE 
EPCRP - TOTAL CREEP STRAIN 
STATEV - STATE VARIABLES (5*NCOMP ITEMS AVAILABLE) 
NOTE: THIS STORAGE IS AVAILABLE ONLY FOR ELEMENT TYPES WITH CREEP 
CAPABILITY 
EPEQ - ACCUMULATED EFFECTIVE PLASTIC STRAIN 
PROPNL - THE NL TABLE, E.G. PROPNL(13) = C13, ETC. FOR THIS MATERIAL 
C14-24 ARE EQUIVALENT PLASTIC STRAIN POINTS, C25-35 ARE 
THE STRESS RELATIVE STRESSES, C36 IS THE ISOTROPIC TO 
KINEMATIC HARDENING FACTOR (IF ISOFAC=1 MATERIAL IS HARDENS 
PURELY ISOTROPICLY, IF ISOFAC=O MATERIAL HARDENS KINEMATICLY), 
C37 IS THE RATIO OF COMPRESSIVE YIELD TO TENSILE YIELD 
NCOMP - NUMBER OF STRESS AND STRAIN COMPONENTS (1,4 OR 6) 
NOTE: 4 COMPONENT ORDERING OF INPUT AND OUTPUT QUANTITIES IS 
X,Y,Z,XY AND FOR 6 COMPONENT QUANTITIES IT IS X,Y,Z,XY,YZ,XZ . 
KPLST - PLANE STRESS KEY (IF 1, THEN PLANE STRESS) 
OTHERS (TIME,DELTIM,ITTER,ETC) - SEE VARIABLES IN THE COMMON "STCOM" 
OUTPUT: 
CMEP - OUTPUT STRESS-STRAIN MATRIX 
INTERNAL: 
EAVE - AVERAGE YOUNG'S MODULUS 
SIGY - YIELD STRESS AT THIS TEMPERATURE 
SLOPE - PLASTIC SLOPE OF THE STRESS-STRAIN CURVE AT THIS TEMPERATURE 
EP - TOTAL STRAIN MINUS THE SHIFT STRAIN, EPEL - EPSHFT 
SIG - STRESS BASED ON EP, CM*EP 
SIGEQ - EQUIVALENT {RAGHAVA) STRESS COMPUTED FROM SIG 
DFDS - DERIVATIVE OF THE YIELD SURFACE 
CMP - PLASTIC STRESS-STRAIN MATRIX 
DPS - RATIO COMPRESSIVE/TENSILE YIELD STRESSES 
ISOFAC - FRACTION OF HARDENING EFFECT THAT IS ISOTROPIC 
SIGYO - INITIAL YIELD STRESS 
YSSLIM - YIELD SURFACE STRESS LIMIT FOR COMPARISON WITH SIGEQ 
**** DUMMY LOGIC TO USE UNUSED VARIABLES **** 
CON= POSN{l)*DELTEM + EPPL(1) + EPCRP(1) + STATEV(1)*DBLE (KPLST) 
***************************************** 
* 
* 
* 
MAIN CODE STARTS HERE 
* 
* 
* 
***************************************** 
***** INITIALIZE VARIABLES ***** 
* SET ELASTIC-PLASTIC [D) EQUAL TO ELASTIC [D] 
CALL VMOVE (CM(1,1),CMEP(1,1),NCOMP*NCOMP) 
* CHECK CURRENT EQUILALENT PLASTIC STRAIN LEAVE ROUTINE IF ZERO OR 
NEGATIVE 
IF (EPEQ.LE.DPZERO) GOTO 999 
* ZERO PLASTIC [D) 
CALL VZERO (CMP{1,1),36) 
***************************************** 
* * 
CHECK FOR ELASTIC UNLOADING * 
* 
***************************************** 
***** GET MATERIAL PROPERTIES ***** 
* GET THE YIELD STRESS FOR CURRENT STATE 
CALL INTRP (0,0,1,EPEQ,PROPNL(14),PROPNL(25),SIGY,11,KYOFF) 
* DERTERMINE SLOPE 
I = 14 
I = I+l 
IF (PROPNL(I) .LE.EPEQ) GOTO 100 
SLOPE= (PROPNL(I+11)-PROPNL(I+10))/(PROPNL(I)-PROPNL(I-1)) 
* GET OTHER NON-LINEAR MATERIAL CONSTANTS 
177 
VMOVE 
INTRP 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
600 
700 
c 
c 
999 
ISOFAC = PROPNL(36) 
DPS = PROPNL ( 37) 
SIGYO = PROPNL(25) 
***** CALCULATE PARAMETERS FOR YIELD SURFACE ***** 
* SUBTRACT SHIFT STRAIN FROM ELASTIC STRAINS 
CALL VAMB (EPEL(l),EPSHFT(l),EP(l), NCOMP) 
* CALCULATE YIELD SURFACE STRESS LIMIT 
YSSLIM = SIGYO+ISOFAC*(SIGY-SIGYO) 
***** COMPUTE THE EQUIVALENT STRESS ***** 
* CALCULATE STRESSES RELATIVE TO YIELD SURFACE 
CALL MAXV (CM(l,l),EP(l),SIG(l), NCOMP,NCOMP) 
SIGEQ = FSIGEQ(SIG(l),NCOMP,DPS) 
***** GOTO END IF UNLOADING ***** 
IF (SIGEQ-YSSLIM.LT.-DPEPS*YSSLIM) GO TO 999 
***************************************** 
* 
* 
* 
CALCULATE PLASTIC [D] * * 
* 
***************************************** 
* GET THE DERIVATIVE OF THE YIELD FUNCTION DF/DS 
CALL DFBYDS (SIG(l),DFDS,NCOMP,DPS) 
* WORK = CM * DF/DS 
CALL MAXV (CM(l,l),DFDS(l),WORK(l), NCOMP,NCOMP) 
DENOM = SLOPE + WORK * DF/DS 
DENOM =SLOPE+ VDOT(WORK(l),DFDS(l),NCOMP) 
PLASTIC [D) = WORK * WORKAT I DENOM 
CALL MAAT (WORK(l),CMP(l,l), 6,NCOMP, DPONE/DENOM) 
***************************************** 
* * 
* COMBINE EASTIC [D) AND PLASTIC [DJ * 
* TO FORM ELASTIC-PLASTIC (D] * 
* 
***************************************** 
IF (NCOMP.GT.l) CALL MATSYM (CMP(l,l),6,NCOMP) 
DO 700 I = l,NCOMP 
DO 600 J = l,NCOMP 
CMEP(I,J) = CM(I,J) - CMP(I,J) 
CONTINUE 
CONTINUE 
RETURN 
END 
Yield function and yield derivative function 
c 
c 
DOUBLE PRECISION FUNCTION FSIGEQ(SIG,NCOMP,DPS) 
INTEGER NCOMP 
DOUBLE PRECISION 
X SIG(NCOMP),DPTMl,DPTM2,DPS,DPJl,DPJ2, 
X DPTWO,DPTHRE,DPSIX,DPTWE 
DATA DPONE,DPTWO,DPTHRE,DPSIX,DPTWE 
X /l.OD0,2.0D0,3 . 0D0,6.0D0,12.0DO/ 
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VAMB 
MAXV 
FSIGEQ 
MAXV 
VDOT 
MAAT 
MATSYM 
c 
c 
c 
c 
c 
c 
c 
c 
***************************************** 
* 
* 
* 
CODE STARTS HERE * * 
* 
***************************************** 
IF (NCOMP.EQ.l) THEN 
DPJl = SIG(l) 
DPJ2 SIG(l)*SIG(l)/DPTHRE 
ELSE 
DPJ2 = ((SIG(l)-SIG(2))**2+(SIG(2)-SIG(3))**2 + 
X (SIG(3)-SIG(l))**2)/DPSIX+SIG(4)**2 
DPJl = SIG(l)+SIG(2)+SIG(3) 
IF (NCOMP.EQ.6) DPJ2 = DPJ2 +SIG(5)**2+SIG(6)**2 
END IF 
DPTMl = DPJl*(DPS-DPONE) 
DPTM2 = DSQRT(DPTMl*DPTMl+DPTWE*DPS*DPJ2) 
FSIGEQ = (DPTM1+DPTM2)/(DPTWO*DPS) 
RETURN 
END 
Appendix: Plasticity routines 
c-------------------------------------------------------------------------------
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
SUBROUTINE DFBYDS(SIG,DFDS,NCOMP,DPS) 
INTEGER NCOMP 
DOUBLE PRECISION 
X SIG(NCOMP),DFDS(NCOMP),DPS,DPTMO,DPTM1,DPTM2,DPTM3,DPTM4, 
X DPTM5,DPJl,DPJ2,DPONE,DPTWO,DPTHRE,DPFOR,DPSIX,DPTWE 
DATA DPONE,DPTWO,DPTHRE,DPFOR,DPSIX,DPTWE 
X /l.OD0,2.0D0,3.0D0,4.0D0,6.0DO,l2.0DO/ 
***************************************** 
* 
* 
* 
CODE STARTS HERE * * 
***************************************** 
IF (NCOMP.EQ.l) THEN 
DFDS ( 1) = DPONE 
RETURN 
ELSE 
DPJ2 = ((SIG(l)-SIG(2))**2+(SIG(2)-SIG(3))**2 + 
X (SIG(3)-SIG(l))**2)/DPSIX+SIG(4)**2 
DPJl = SIG(l)+SIG(2)+SIG(3) 
IF (NCOMP.EQ.6) DPJ2 = DPJ2 +SIG(5)**2+SIG(6)**2 
END IF 
DPTM2 DPJl*(DPS-DPONE) 
DPTMO DSQRT(DPTM2*DPTM2+DPTWE*DPS*DPJ2) 
DPTMl (DPS-DPONE)/(DPTWO*DPS) 
DPTM3 DPTWO*(DPS-DPONE) 
DPTM4 DPFOR*DPS*DPTMO 
DPTM5 DPSIX/DPTMO 
DFDS(l) = DPTMl+(DPTM2*DPTM3+DPFOR*DPS*(DPTHRE*SIG(l)-DPJ1))/DPTM4 
DFDS(2) = DPTM1+(DPTM2*DPTM3+DPFOR*DPS*(DPTHRE*SIG(2)-DPJ1))/DPTM4 
DFDS(3) = DPTMl+(DPTM2*DPTM3+DPFOR*DPS*(DPTHRE*SIG(3)-DPJ1))/DPTM4 
DFDS(4) = SIG(4)*DPTM5 
IF (NCOMP .EQ. 6) THEN 
DFDS(5) SIG(5)*DPTM5 
DFDS(6) = SIG(6)*DPTM5 
END IF 
RETURN 
END 
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